
Factorization of loops in a topological space with

path-connected cover with path-connected

intersections

The following are proofs of theorems in Loops and a open cover of a topological space.

factorization of loops for a path-connected cover with path-

connected intersections
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Let

X = ⋃
α

Aα

Given a loop

f : ([0, 1], {0, 1}) → (X, x0)

​

There exists a partition (si)
m
i=0 of I such that each [si−1, si] is mapped to a

single Aα

​ There exists an interval Vs around each s ∈ I whose closure is mapped to a

single Aα

Compactness of I implies a finite number of Vs cover I.

Denote the Aα containing f[si−1, si] as Ai and fi be the restriction to that interval.

​ Then f = f1 … fm where each of fi is a path in Ai

Let Aα are path connected, open with path-connected intersections.

​

Choose a path gi in Ai ∩ Ai+1 from x0 to f(si).

From f = f1 … fm, consider the loop

(f1ḡ1)

=:a
f

1

(g1f2ḡ2) … (gi−1fiḡi+1)

=:a
f
i

… (gmfm)

a
f
m
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​ The factor a
f

i  is a loop lying inside a single Ai such that

[f] = [af
1 ] … [af

i ] … [af
m]

We note this factorization is not unique.

Think of af
i : I → Ai as a loop in Ai then

[af
i ] ∈ π1(Ai)

​ Any factorization

[b1] … [bi] … [bm]
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the uniqueness of factorization of loops in a path-connected

cover with single and double intersections

Current note has 0 direct children and 0 total descendants.

And it has 1 siblings.

where each [bi] ∈ π1(Ai) determines an element of ⋆απ1(Aα)

The inclusions iα : Aα → X give the extended induced map

⋆αiα : ⋆αAα → X

then the image of

[af
1 ] … [af

i ] … [af
m] ∈ ⋆απ1(Aα)

under this map is

[f]

Hence, the map ⋆αiα : ⋆αAα → X is surjective because any [f] ∈ π1(X) has a

factorization like this.

N be the normal subgroup generated by the elements of the form iαβ(ω)iβα(ω)−1 for

ω ∈ π1(Aα ∩ Aβ)

Call two factorizations of

[f] ∈ π1(X)

in ⋆απ1(Aα) equivalent if they are related by a sequence of the following movies or their

inverses

​
[fi][f i+1

] ↦ [fifi+1]

if both [fi], [f
i+1

] lie in same π1(Aα)

​ this move does not change the element of ⋆απ1(Aα) defined by factorization

if fi is a loop in Aα ∩ Aβ then

[fi] ∈ π1(Aα) ↦ [fi] ∈ π1(Abeta)

​ this move does not change the image of the element in

⋆απ1(Aα)

N

Any two factorizations of [f] is equivalent. Then the map

⋆απ1(Aα)

N
→ π1(X)

is injective and hence N = ker ⋆αiα

​ Let [af
i ] and [bf

i ] be two factorizations of [f]. Then the paths

a1(a2(… (ak−1ak))) …)

and b1 … bl are homotopic, say via

F : I × I → X

Parition I into paritions such that F  maps each rectangle [si−1, si] × [tj−1, tj]

into a single Aα

We order the rectangles from Ai from 1 to mn like
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