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(Mostow rigidity using Sullivan's QC rigidity) Let M be a complete hyperbolic manifold of

dimension ≥ 3 that satisfies any of

then M is Mostow rigid.

Proposition:



Dennis Sullivan, 1982 - Discrete conformal groups and
measurable dynamics

DS-pub-0055.pdf

(Theorem 4) The geodesic flow is ergodic relative to a conformal measure μ of dim δ ⟺  Γ

diverges at δ. In this case, the conformal measure satisfying γ ∗μ = |γ ′|
δ
μ for all γ ∈ Γ is unique.

(Sullivan's measurable rigidity) Let Φ : S n−1 → S n−1 be a Borel map which is Γ1, Γ2-equivariant,

and non-singular with respect to conformal densities μ1, μ2 of dimension δ that is

μ1(A) > 0 ⟺ μ2(Φ(A)) > 0

Then Γ1 diverges at δ ⟹  Φ is equal a.e. to a conformal conjugate between Γ1, Γ2.

Let Γ1 diverges at δ. By

the measure

1

|x − y|δ
μ1 ⊗ μ1

is ergodic for Γ1 ↷ Sn−1 × Sn−1.

(Theorem 4) The geodesic flow is ergodic relative to a conformal measure μ of dim δ

⟺  Γ diverges at δ. In this case, the conformal measure satisfying γ ∗μ = |γ ′|δμ for all

γ ∈ Γ is unique.

Since Φ is non-singular, Φ × Φ is a measurable conjugacy.

...

We conclude

(x, y) ↦
|Φ(x) − Φ(y)|

|x − y|

is a.e. a product of function of x and y.

Thus Φ preserves cross rations for a.e. 4-tuples.

Thus Φ is equal to an conformal map a.e.
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Patterson-Sullivan Theory has lead to beautiful rigidity results in the negative curvature setting ([BesCoG],

[Y1], [BuMoz]). It has proven very useful in the investigation of discrete subgroups of the isometry group of

negatively curved spaces. Our hope is that it will serve similar purposes for higher rank symmetric spaces of

noncompact type.

af://h1-36


Thomas Roblin, 2003 - Ergodicité et équidistribution en
courbure négative

MSMF_2003_2_95__1_0.pdf

https://scholar.google.com/scholar?

hl=en&as_sdt=2005&sciodt=0%2C5&cites=14279832805597914112&scipsc=1&q=book&btnG=

CHAPTER 1

PRELIMINARIES

This first part sketches a complete introduction to the subject treated, the only required prior knowledge being

that of the hyperbolic disk (or Poincaré half-plane). While a good part of the notions and results presented in

Sections 1A to 1F are well known in the setting of hyperbolic spaces, or even in that of manifolds of pinched

curvature, and sometimes already in that of CAT(−1) spaces, certain generalizations, natural as they may be,

do not seem to have been thoroughly examined up to now. We have here endeavored to provide the reader, as

far as possible, with the elements necessary so that they may easily reconstruct the theory on which our work is

built. We have thought it useful to recall the fundamental results indispensable for what follows, and to insist on

their logical sequence. We have also taken care to detail points of proofs that seemed to us insufficiently clarified

in the current literature on the subject.

Before beginning Parts 2 to 6, which constitute the main contribution of this work, it is generally not necessary

to read the preliminaries in their entirety. They are organized in such a way that it suffices to absorb the

common trunk formed by Sections 1A to 1E (one may omit the extended proof of Theorem 1.7 on a first

reading) to already be in a position to approach Chapter 2 and then Theorems 3.1, 4.1 and 5.1. Theorem 5.2

requires having become acquainted with Section 1F, whose material is moreover not new in pinched curvature.

As for the rest, access to it is governed by Sections 1G for the concepts, and 1H for the technical lemmas.

1A. Geometry

Throughout the present article, we shall consider a proper CAT(−1) metric space X. For everything concerning

these spaces, we refer to [Bou] and [G-H]. In order to lighten the notation for the distance between two points x

and y in X, we shall dispense with a symbol and simply denote it by (x, y), which, we hope, will not be a source

of confusion.

A horosphere in X is a “level set” of a Busemann function β_ξ(x, ·). More precisely, the horosphere based at ξ

∈ ∂X and passing through x ∈ X is the set of points y ∈ X such that β_ξ(x, y) = 0. The function β_ξ in fact

defines a (algebraic) “horospherical distance” seen from the base point ξ. The (open) horoball bounded by the

horosphere based at ξ ∈ ∂X and passing through x ∈ X is the set of points y ∈ X such that β_ξ(x, y) > 0. One

easily sees (by comparison) that closed horoballs are strictly convex. One also checks that, in accordance with

the etymology, the sphere of center a ∈ X passing through a fixed point x ∈ X tends, when a → ξ ∈ ∂X, toward

the horosphere based at ξ and containing x.

One calls the Gromov product at x ∈ X of two points a and b in X the quantity

⟨a, b⟩x =
1

2
[(a,x) + (x, b) − (a, b)].

For distinct ξ and η in ∂X, one can define ⟨ξ, η⟩_x as the limit of ⟨a, b⟩_x when a → ξ and b → η. In fact,

https://scholar.google.com/scholar?hl=en&as_sdt=2005&sciodt=0%2C5&cites=14279832805597914112&scipsc=1&q=book&btnG=
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⟨ξ, η⟩x =
1

2
[βξ(x, p) + βη(x, p)]

for any p ∈ (ξη). One then defines a visual distance d_x on ∂X, seen from the point x ∈ X, by d_x(ξ, η) =

e^{−⟨ξ,η⟩_x} for distinct ξ and η in ∂X, and d_x(ξ, ξ) = 0. One can show that d_x is indeed a distance—

which is not obvious—inducing the natural topology of ∂X, and that the family of distances {d_x}_{x∈X} is

first conformal and second invariant under isometries, that is:

Note also that the d_x-diameter of ∂X equals one (one has moreover ⟨ξ, η⟩_x = 0 if and only if x ∈ (ξη)). It is

a consequence, both useful and immediate, of the triangle inequality that ⟨ξ, η⟩_x ≤ r and hence d_x(ξ, η) ≥

e^{−r}, where r is the distance from x to the geodesic (ξη). In this regard, one can see that r = (x, p) for a

unique p ∈ (ξη) that is sometimes called the “orthogonal projection” of x onto (ξη).

A final point of notation concerning X: we shall denote by B(x, r) the open ball in X with center x ∈ X and

radius r, and by B_x(ξ, r) the open visual ball in ∂X with center ξ and d_x-radius r.

As in hyperbolic space, the isometries of X fall into three disjoint types, aside from the identity id. An elliptic

isometry fixes at least one point in X. A parabolic isometry fixes a unique point of X located at infinity; it

preserves the horospheres based at this fixed point. Finally, a hyperbolic isometry fixes exactly two points in ∂X;

the geodesic joining these two fixed points is called its axis, along which the isometry acts as a translation of

displacement ℓ > 0, called the translation length of the isometry.

The group of isometries of X will be endowed with its natural topology. Throughout the present article, we shall

consider a discrete group of isometries Γ. There exist such discrete groups that leave invariant a finite set of

points of X; they are called elementary, and, aside from the trivial group, they fall into three disjoint types. A

discrete group of isometries of elliptic type possesses at least one global fixed point in X; it is of finite order and

its nontrivial elements are elliptic. A group of parabolic type possesses exactly one global fixed point located at

infinity; its nontrivial elements are elliptic (of finite order) or parabolic; such a group preserves the horospheres

based at its fixed point. A group of hyperbolic type leaves invariant a unique pair of points of ∂X; such a group

contains a distinguished finite-index subgroup, cyclically generated by a hyperbolic isometry; the other nontrivial

elements are elliptic. We shall assume throughout that Γ is not elementary. It then contains infinitely many

conjugacy classes of primitive hyperbolic isometries, that is, those that are not nontrivial powers of elements of

Γ.

The limit set Λ(Γ) of Γ is by definition the set of accumulation points in X of one (of every) orbit of Γ in X.

Since Γ is discrete, one has Λ(Γ) ⊂ ∂X. Saying that Γ is non-elementary is equivalent to saying that Λ(Γ) is

infinite; then no point of Λ(Γ) is isolated, and Λ(Γ) is the smallest nonempty closed subset of X invariant under

Γ. Moreover, Γ acts properly discontinuously on X \ Λ(Γ). The stabilizers of the fixed points of Γ in X,

necessarily lying in X ∪ Λ(Γ), are by nature elementary. One assigns to such a fixed point the type (elliptic,

parabolic, or hyperbolic) of its stabilizer. The maximal elliptic or parabolic subgroups of Γ are stabilizers of fixed

points of Γ.

1B. Conformal densities and invariant densities at infinity

dx′(ξ, η) = e
1
2 [βξ(x,x′)+βη(x,x′)]dx(ξ, η) (1)

dϕx(ϕξ,ϕη) = dx(ξ, η). (2)

–
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It is the limit set of Γ that is the stage for the dynamics of Γ in X. Thus one has sought to endow this set with

measures related to the action of Γ. Since Γ is non-elementary, it is easy to see that there cannot exist nontrivial

finite measures on ∂X that are invariant under Γ. Nevertheless, remarkable quasi-invariant measures were

invented in [Patt1], and these are the subject of this paragraph. Rather than speaking of measures on the

boundary at infinity ∂X, it seems more appropriate here to adopt the concept of density, following [Sull1]. A

density (at infinity) will mean an application µ that assigns to each x ∈ X a positive finite measure µₓ on ∂X.

A density µ is said to be conformal of dimension δ ≥ 0 if for all x and x′ in X, the measure µₓ′ is absolutely

continuous with respect to µₓ, with Radon–Nikodym derivative given by

dμx′

dμx
(ξ) = e−δβξ(x

′,x).

A density µ is said to be invariant under Γ if for every γ ∈ Γ and every x ∈ X one has

γ∗μx = μγx.

If µ is a conformal density invariant under Γ, then the measure µₓ (x ∈ X) is quasi-invariant under Γ, that is,

γ ∗µx is absolutely continuous with respect to µₓ; but with the concept of density one recovers invariance in the

proper sense. Not only will we consider only nonzero conformal densities, but we shall moreover henceforth

assume them to be normalized, by imposing that µ₀ be a probability (that is, ‖µ₀‖=1), where 0 is a point

(origin) of X fixed once and for all—this is how we shall be able to speak of uniqueness in certain situations.

Furthermore, we choose 0 among the non-elliptic points, that is, those with trivial stabilizer in Γ. Note that the

support of a conformal density invariant under Γ necessarily contains Λ(Γ). We shall not, however, require that

the support of such a density be exactly Λ(Γ).

The critical exponent δ(Γ) of Γ is a fundamental number defined as the critical exponent of the Dirichlet-type

series

∑
γ∈Γ

e−s(x,γx) (s ∈ R),

called the Poincaré series of Γ, which amounts to saying that

δ(Γ) = lim sup
t→+∞

#{γ ∈ Γ ∣ (x, γy) ≤ t}

(the exponent does not depend on the choice of x and y in X); the preceding function of t is generally called the

orbital function of Γ—we shall return to it notably in Chapter 4. We shall henceforth assume that δ(Γ) is finite,

an assumption that the generality of our geometric framework forces us to state, but which is immediately

satisfied notably when X is a pinched curvature manifold (thanks to Rauch’s comparison theorem, with a volume

argument), or when X admits a cocompact discrete group of isometries.

The foundations of the theory of conformal densities were laid by Patterson ([Patt1], [Patt3]), to whom we owe

a celebrated construction, whose details we shall not reproduce, and from which we abstract below the existence

statement. The construction essentially consists in extracting a weak limit of a suitably normalized sum of Dirac

masses along an orbit of Γ, weighted by the terms of the Poincaré series in s, possibly slightly modified, as s

decreases toward δ(Γ). This procedure requires only the continuity of the Busemann function (cf. 1A), and

carries over unchanged to CAT(−1) spaces.

Theorem 1.1 (Patterson). — There exists a conformal density of dimension δ(Γ), invariant under Γ and

supported on Λ(Γ).



Since we know (see 1A) that there exists no nontrivial measure invariant under Γ at infinity, nor any conformal

density of dimension zero invariant under Γ, it follows directly from Theorem 1.1 a fact far from obvious: namely

that δ(Γ)>0.

From this existence theorem, the theory took remarkable momentum in the work of Sullivan ([Sull1], [Sull2]),

whose cornerstone is Lemma 1.3 below, known as the shadow lemma. Along with visual balls, we shall indeed

make extensive use of what is called the shadow (at infinity) of a ball B(y,r) in X seen from a point x ∈ X,

namely

Or(x, y) = {ξ ∈ ∂X ∣]xξ) ∩ B(y, r) ≠ ∅}.

Let us first record a lemma that follows simply from the triangle inequality, and which we shall mention

repeatedly.

Lemma 1.2. — For every ξ ∈ Or(x,y), one has

(x, y) − 2r < βξ(x, y) ≤ (x, y).

Here now is the shadow lemma, originally conceived in constant curvature in [Sull1].

Lemma 1.3 (Sullivan). — Let µ be a conformal density of dimension δ invariant under Γ. Let x ∈ X. Then, as

soon as r>0 is large enough, there exists C>0 such that for every γ ∈ Γ,

1

C
e−δ(x,γx) ≤ μx(Or(x, γx)) ≤ Ce−δ(x,γx).



Mostow type rigidity theorems (in Handbook of Group Actions
(Vol. IV))

Bourdon. Mostow type rigidity theorems.pdf

Sec 2

Sec 4

Sec 5 Mostow rigidity

af://h1-44
af://h2-45
af://h2-46
af://h2-47




M. Gromov, P. Pansu, 1991 - Rigidity of lattices: An
introduction

af://h1-49


Edson de Faria, Sebastian van Strien, 2023 - Dennis Sullivan's
Work on Dynamics

Dennis Sullivan's Work on Dynamics (2306.06290v1).pdf

af://h1-51


Kingshook Biswas, 2015 - On Moebius and conformal maps
between boundaries of CAT(−1) spaces

AIF_2015__65_3_1387_0.pdf

af://h1-53


Alexandre Minetto, 2025 - Patterson-Sullivan measures and
the Prime Geodesic Theorem

Minetto_Alexandre_Mastersthesis_2025.pdf

af://h1-55

	Rigidity theorems by Mostow, Sullivan, Tukia, Yue, Ivanov
	Dennis Sullivan, 1979 - The density at infinity of a discrete group of hyperbolic motions
	On The Ergodic Theory at Infinity of an Arbitrary Discrete Group of Hyperbolic Motions
	Sec 1
	Sec 4
	Sec 5
	Sec 6

	Dennis Sullivan, 1982 - Discrete conformal groups and measurable dynamics
	citations

	Dennis Sullivan, 1984 - Entropy, Hausdorff measures old and new, and limit sets of geometrically finite Kleinian groups
	Pekka Tukia, 1985 - Differentiability and rigidity of Möbius groups
	P. Tukia, 1989 - A rigidity theorem for Möbius groups
	Chengbo Yue, 1996 - The Ergodic Theory of Discrete Isometry Groups on Manifolds of Variable Negative Curvature
	Negatively pinched Hadamard manifolds
	Sec 7

	Chengbo Yue, 1996 - Mostow rigidity of rank 1 discrete groups with ergodic Bowen–Margulis measure
	Nikolai V. Ivanov, 1996 - Action of Möbius transformations on homeomorphisms: Stability and rigidity
	Sec 3
	Sec 4

	Katsuhiko Matsuzaki, Masahiko Taniguchi, 1998 - Hyperbolic Manifolds and Kleinian Groups
	Chapter 1
	Chapter 3
	Chapter 4
	Chapter 5

	P. Albuquerque, 1999 - Patterson-Sullivan Theory in Higher Rank Symmetric Spaces
	Thomas Roblin, 2003 - Ergodicité et équidistribution en courbure négative
	CHAPTER 1
	PRELIMINARIES
	1A. Geometry
	1B. Conformal densities and invariant densities at infinity

	Mostow type rigidity theorems (in Handbook of Group Actions (Vol. IV))
	Sec 2
	Sec 4
	Sec 5 Mostow rigidity

	M. Gromov, P. Pansu, 1991 - Rigidity of lattices: An introduction
	Edson de Faria, Sebastian van Strien, 2023 - Dennis Sullivan's Work on Dynamics
	Kingshook Biswas, 2015 - On Moebius and conformal maps between boundaries of  spaces
	Alexandre Minetto, 2025 - Patterson-Sullivan measures and the Prime Geodesic Theorem

