This note, that was found here, as a part of a collection

is written (completely with human hands) by Rupadarshi Ray,
was created on August 25, 2023 3:36:04 PM,

was last modified on September 5, 2026 11:54:50 PM, and
was exported on September 7, 2026 3:04:00 PM.

-
N

Finite cycle decomposition

A k-cycle is a sequence

(al, ‘e a,k)
of distinct elements from {1,...,n},n > k, equivalent upto a cyclic reordering
(a1,...ax) ~ (a;,a141,-..,a1...a1-1),VI < k

k-cycles,, := {k-cycleson {1,...,n}}

n
cycles,, := U k-cycles,,
k=1
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cycle as a permutation

multiplication of cycles

We define cycles,, x cycles, — [[, ., cycles,
(al...ak)(bl...bl) = (bl)

and extend the function to

H cycles,, x H cycles,, — H cycles,,

n>2 n>2 n>2
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permutations as multiplication of disjoint cycles

The elements of a cycle of o are just the orbit of the group action
Permutation : S, ~ {1,...,n}

Hence, they are disjoint and partition {1,...,n}.
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The permutations with only one disjoint cycle

o=(ai...an)

are the ones coming from

permutations as multiplication of transpositions

Here we break the philosophy of using the orbits as cycles, and factorize the unique disjoint

cycle decomposition.

(a1 see ak) = (alak) cee (a1a4)(a1a3)(a1a2)

But they are (generally) not unique and (possibly) not disjoint!

» Let T; are transpositions and T; ...T,, = I We claim: m is even
o Assume the claim is true form=n —1

» There must be two occurrences of a in the transpositions because it fixed a. Choose
both of them from the right, and keep moving them left by using

(ac)(be) = (bc)(ab)
(ab)(cd) = (cd)(ab)
(ab)(bc) = (ac)(ab)

o If we get
(az)(az)
on left, we replace it with empty string, and use strong induction hypothesis.
o If we get
(az)(ay)
?

« a cannot appear once on the left

ons will have either an )

parity

« Computing the parity

« A cycle

(ai...ap) = Salak) s (0104)(0103)(01612)/

k—1 gctors

- is even if k is odd
« if odd if k is even

° (a1 e al)(bl e bk) = Salak) N (alaz)(blbk) e (blbzl

k—1+l:i factors

+ (even)(even)=(even)
+ (even)(odd)=(odd)
+ (odd)(even)=(odd)
+ (odd)(odd)=(even)
o Letoy =C,...Cr,09=D;...D, € S, be factors of transpositions, then
0109 =¥C’1...C’TD1...D,3

r+n factors

« (even)(even)=(even)
+ (even)(odd)=(odd)
+ (odd)(even)=(odd)
+ (odd)(odd)=(even)

» Hence,

Parity(c102) = Parity(o;)Parity(c2)

Therefore,
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The kernel of the homomorphism, the subgroup of all even permutations, is defined as the
alternating_group.

Current note has 0 direct children and 0 total descendants.

o stretchy
« Symmetric group
.S,

« Finite cycle decomposition

And it has 2 siblings.

o stretchy
« Symmetric group
« S,

« Finite cycle decomposition

» Representations of S,
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