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Proposition 16.3

Let Q be the set of all real numbers that can be expressed starting from the rational
numbers and using a finite number of operations +, —, -, =, and ¢ +— /1 + ¢%. (Note
that for any c€ R, 1+ ¢* > 0, so V1 +c¢2 € R.) Then Q is an ordered Pythagorean
field.

Proof To show that Q is a field, let a, b € Q. Then each of a, b can be expressed
in a finite number of steps using rational numbers and operations +, —, -, =,
¢+ 1+ c¢? Hence the same is true of a + b, a - b, and a/b, provided that b # 0.
If ¢ is any element of €, then ¢ can be expressed in a finite number of such
steps, so V1 + ¢? can also, and so V1 + ¢? € Q. Hence Q is Pythagorean. Q is an
ordered field, because it is a subfield of IR, so we can take P to be those elements
of Q that are positive as real numbers.

Remark 16.3.1
Clearly, Q is the smallest Pythagorean ordered field. We call it Hilbert's field,
since he studied it in his Foundations of Geometry (1971). It is also the smallest

field over which all of Hilbert's axioms of betweenness and congruence will hold
(17.3).
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Proposition 16.4

Let K be the set of all real numbers that can be obtained from the rational numbers
by a finite number of operations +, —, -, =, and a > 0 — +/a. Then K is a Euclidean
ordered field.

Proof Similar to the proof to (16.3). Note that we may take square roots only of
positive elements. Since K is also a subfield of IR, we get the ordering on K from
IR as above.
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