
Curves in smooth manifolds

velocity

equivalence classes of velocities

For a open set U on a n-manifold, and a chart (U , φ)

Curves∞(p ∈ U) → R
n

such that

γ ↦ (φ ∘ γ)′(0)

this is a surjective map. Lets denote the map by the ugly (φ ∘ −)′(0). This map shall partition

the domain

Curves∞(p ∈ U)/(φ ∘ −)′(0)

where the equivalence relation is

γ1 ∼ γ2 ⟺ (φ ∘ γ1)′(0) = (φ ∘ γ2)′(0)

canonical bijection with TpM
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Smooth curves in smooth manifolds

A continuous function

γ : I → U ⊆ M

is called a curve in U .

A curve γ is smooth if for any chart (U , φ) the map

φ ∘ γ : I → φ(U)

is a smooth curve in Rdim M

Set of smooth curves

The set of all smooth curves is the set C∞(I, U) where I ⊆ R, U ⊆ M. We define the set

of all curves with the naturally desired domain,

γ : (−ϵ, ϵ) → U ⊆ M

for some ϵ > 0 as

Curves∞
ϵ (p ∈ U) := {γ ∈ C

∞((−ϵ, ϵ), U) : γ(0) = p}

The Curves∞(p ∈ U)/(φ ∘ −)′(0) partition does not depend on the chart φ.

The equivalence classes of velocity

Denote the quotient set of the equivalence classes of velocity by

Curves∞(p ∈ U)/(−)′(0)

and the equivalence classes by

[γ ′(0)]

because it does not depend on chart.

canonical bijection

We have

From

we know the operator (− ∘ γ)′(0) ∈ TpM is same for two curves in [γ ′(0)] which is

(− ∘ γ1)′(0) = (− ∘ γ2)′(0) ⟺ (φ ∘ γ1)′(0) = (φ ∘ γ2)′(0)

For a n-manifold M, map

is an R-linear isomorphism for any local chart φ at p. Hence,

dim(TpM) = dim(M).

TpM → R
n

(− ∘ γ)′(0) ↦ (φ ∘ γ)′(0)
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velocity

γ ′ : I → Tγ(t)M

t ↦ (− ∘ γ)′(t)

~

Current note has 0 direct children and 0 total descendants.

And it has 19 siblings.

This the diagram

commutes and each arrow is an isomorphism.

The canonical bijection TpM → Curves∞(p ∈ U)/(−)′(0) is defined as

(− ∘ γ)′(0) ↔ [γ ′(0)]

Velocity of a curve at a point

Given a smooth curve γ : (−ϵ, ϵ) → U the velocity at γ(0) ∈ M is defined as

γ ′(0) :=(− ∘ γ)′(0) ∈ TpM

=[γ ′(0)] ∈ Curves∞(γ(0) ∈ U)/(−)′(0)

structures based on sets

​ manifolds

​ smooth R-manifold

​ Curves in smooth manifolds

structures based on sets

​ manifolds

​ smooth R-manifold

​ Smooth Lie group action on a smooth manifold

Borel measures on a smooth manifold

G-bundles over smooth manifolds G ↷ P → X

Vector bundle on smooth manifolds

Curves in smooth manifolds

Density on smooth manifolds

Functions between smooth manifolds

Functions from smooth manifolds to R

Flows on a smooth manifold

Locally G ↷ X-manifolds

Smooth singular homology of a smooth manifold

Isomorphisms and automorphisms of smooth manifolds

Lagrangian flows

Local transformation rules

Moduli space of Riemannian metrics on a smooth manifold

Moduli space of quotients

Quotient manifolds

Submanifolds of smooth manifolds

Tangents on a smooth manifold

af://h3-6
https://rupadarshiray.github.io/notes/ZJl02R4pUWRHgcc9kmJWKP.pdf
https://rupadarshiray.github.io/notes/Jls2hdRgpWEILAeSuxRPKJ.pdf
https://rupadarshiray.github.io/notes/aVgV7WB9FPneDMB62TH6l7.pdf
https://rupadarshiray.github.io/notes/aVgV7WB9FPneDMB62TH6l7.pdf
https://rupadarshiray.github.io/notes/aVgV7WB9FPneDMB62TH6l7.pdf
https://rupadarshiray.github.io/notes/aVgV7WB9FPneDMB62TH6l7.pdf
https://rupadarshiray.github.io/notes/aVgV7WB9FPneDMB62TH6l7.pdf
https://rupadarshiray.github.io/notes/aVgV7WB9FPneDMB62TH6l7.pdf
https://rupadarshiray.github.io/notes/aVgV7WB9FPneDMB62TH6l7.pdf
https://rupadarshiray.github.io/notes/aVgV7WB9FPneDMB62TH6l7.pdf
https://rupadarshiray.github.io/notes/aVgV7WB9FPneDMB62TH6l7.pdf
https://rupadarshiray.github.io/notes/UBX394YLbN2I9mgm9zwxCQ.pdf
https://rupadarshiray.github.io/notes/ZJl02R4pUWRHgcc9kmJWKP.pdf
https://rupadarshiray.github.io/notes/Jls2hdRgpWEILAeSuxRPKJ.pdf
https://rupadarshiray.github.io/notes/aVgV7WB9FPneDMB62TH6l7.pdf
https://rupadarshiray.github.io/notes/aVgV7WB9FPneDMB62TH6l7.pdf
https://rupadarshiray.github.io/notes/aVgV7WB9FPneDMB62TH6l7.pdf
https://rupadarshiray.github.io/notes/aVgV7WB9FPneDMB62TH6l7.pdf
https://rupadarshiray.github.io/notes/aVgV7WB9FPneDMB62TH6l7.pdf
https://rupadarshiray.github.io/notes/aVgV7WB9FPneDMB62TH6l7.pdf
https://rupadarshiray.github.io/notes/aVgV7WB9FPneDMB62TH6l7.pdf
https://rupadarshiray.github.io/notes/aVgV7WB9FPneDMB62TH6l7.pdf
https://rupadarshiray.github.io/notes/aVgV7WB9FPneDMB62TH6l7.pdf
https://rupadarshiray.github.io/notes/G8MImQvxxPYzIYlNOIYCk1.pdf
https://rupadarshiray.github.io/notes/8fOSJmw7zki7XxRwh3OKNZ.pdf
https://rupadarshiray.github.io/notes/GXQcGVrPCNsBgGM4CGMMYk.pdf
https://rupadarshiray.github.io/notes/GXQcGVrPCNsBgGM4CGMMYk.pdf
https://rupadarshiray.github.io/notes/GXQcGVrPCNsBgGM4CGMMYk.pdf
https://rupadarshiray.github.io/notes/GXQcGVrPCNsBgGM4CGMMYk.pdf
https://rupadarshiray.github.io/notes/GXQcGVrPCNsBgGM4CGMMYk.pdf
https://rupadarshiray.github.io/notes/GXQcGVrPCNsBgGM4CGMMYk.pdf
https://rupadarshiray.github.io/notes/GXQcGVrPCNsBgGM4CGMMYk.pdf
https://rupadarshiray.github.io/notes/GXQcGVrPCNsBgGM4CGMMYk.pdf
https://rupadarshiray.github.io/notes/GXQcGVrPCNsBgGM4CGMMYk.pdf
https://rupadarshiray.github.io/notes/GXQcGVrPCNsBgGM4CGMMYk.pdf
https://rupadarshiray.github.io/notes/GXQcGVrPCNsBgGM4CGMMYk.pdf
https://rupadarshiray.github.io/notes/GXQcGVrPCNsBgGM4CGMMYk.pdf
https://rupadarshiray.github.io/notes/GXQcGVrPCNsBgGM4CGMMYk.pdf
https://rupadarshiray.github.io/notes/GXQcGVrPCNsBgGM4CGMMYk.pdf
https://rupadarshiray.github.io/notes/GXQcGVrPCNsBgGM4CGMMYk.pdf
https://rupadarshiray.github.io/notes/GXQcGVrPCNsBgGM4CGMMYk.pdf
https://rupadarshiray.github.io/notes/GXQcGVrPCNsBgGM4CGMMYk.pdf
https://rupadarshiray.github.io/notes/GXQcGVrPCNsBgGM4CGMMYk.pdf
https://rupadarshiray.github.io/notes/GXQcGVrPCNsBgGM4CGMMYk.pdf
https://rupadarshiray.github.io/notes/GXQcGVrPCNsBgGM4CGMMYk.pdf
https://rupadarshiray.github.io/notes/GXQcGVrPCNsBgGM4CGMMYk.pdf
https://rupadarshiray.github.io/notes/GXQcGVrPCNsBgGM4CGMMYk.pdf
https://rupadarshiray.github.io/notes/GXQcGVrPCNsBgGM4CGMMYk.pdf
https://rupadarshiray.github.io/notes/GXQcGVrPCNsBgGM4CGMMYk.pdf
https://rupadarshiray.github.io/notes/GXQcGVrPCNsBgGM4CGMMYk.pdf
https://rupadarshiray.github.io/notes/GXQcGVrPCNsBgGM4CGMMYk.pdf
https://rupadarshiray.github.io/notes/GXQcGVrPCNsBgGM4CGMMYk.pdf
https://rupadarshiray.github.io/notes/GXQcGVrPCNsBgGM4CGMMYk.pdf
https://rupadarshiray.github.io/notes/GXQcGVrPCNsBgGM4CGMMYk.pdf
https://rupadarshiray.github.io/notes/Rcgy4uWYGAbzHBHxZ0LyY6.pdf
https://rupadarshiray.github.io/notes/UBX394YLbN2I9mgm9zwxCQ.pdf
https://rupadarshiray.github.io/notes/Y6JplMi2itbBW7AAZJdwCb.pdf
https://rupadarshiray.github.io/notes/2oos5kAaJRTUUM6xmlB3FX.pdf
https://rupadarshiray.github.io/notes/ijKXeW26Qh66CbIdlvKlMh.pdf
https://rupadarshiray.github.io/notes/ijKXeW26Qh66CbIdlvKlMh.pdf
https://rupadarshiray.github.io/notes/ijKXeW26Qh66CbIdlvKlMh.pdf
https://rupadarshiray.github.io/notes/ijKXeW26Qh66CbIdlvKlMh.pdf
https://rupadarshiray.github.io/notes/ijKXeW26Qh66CbIdlvKlMh.pdf
https://rupadarshiray.github.io/notes/ijKXeW26Qh66CbIdlvKlMh.pdf
https://rupadarshiray.github.io/notes/ijKXeW26Qh66CbIdlvKlMh.pdf
https://rupadarshiray.github.io/notes/ijKXeW26Qh66CbIdlvKlMh.pdf
https://rupadarshiray.github.io/notes/p0HajmeiAJlQcCbqghkWj9.pdf
https://rupadarshiray.github.io/notes/y9ywdv8h8k7jHXOOBnY9vV.pdf
https://rupadarshiray.github.io/notes/y9ywdv8h8k7jHXOOBnY9vV.pdf
https://rupadarshiray.github.io/notes/y9ywdv8h8k7jHXOOBnY9vV.pdf
https://rupadarshiray.github.io/notes/y9ywdv8h8k7jHXOOBnY9vV.pdf
https://rupadarshiray.github.io/notes/y9ywdv8h8k7jHXOOBnY9vV.pdf
https://rupadarshiray.github.io/notes/y9ywdv8h8k7jHXOOBnY9vV.pdf
https://rupadarshiray.github.io/notes/y9ywdv8h8k7jHXOOBnY9vV.pdf
https://rupadarshiray.github.io/notes/y9ywdv8h8k7jHXOOBnY9vV.pdf
https://rupadarshiray.github.io/notes/y9ywdv8h8k7jHXOOBnY9vV.pdf
https://rupadarshiray.github.io/notes/y9ywdv8h8k7jHXOOBnY9vV.pdf
https://rupadarshiray.github.io/notes/y9ywdv8h8k7jHXOOBnY9vV.pdf
https://rupadarshiray.github.io/notes/y9ywdv8h8k7jHXOOBnY9vV.pdf
https://rupadarshiray.github.io/notes/y9ywdv8h8k7jHXOOBnY9vV.pdf
https://rupadarshiray.github.io/notes/y9ywdv8h8k7jHXOOBnY9vV.pdf
https://rupadarshiray.github.io/notes/y9ywdv8h8k7jHXOOBnY9vV.pdf
https://rupadarshiray.github.io/notes/y9ywdv8h8k7jHXOOBnY9vV.pdf
https://rupadarshiray.github.io/notes/eeroEop08NkDRqfon3IxCz.pdf
https://rupadarshiray.github.io/notes/GOb2jQd7W7DuT0WGebGdb4.pdf
https://rupadarshiray.github.io/notes/qNKo5Xtvnwa7Jov6aLxnjF.pdf
https://rupadarshiray.github.io/notes/PFLGQm6wp1cBq6Gvm6AthY.pdf
https://rupadarshiray.github.io/notes/hcc4FkU2uNpU52X7zEHQz5.pdf
https://rupadarshiray.github.io/notes/6ctaKTl1NKuHgo7iNbyLUA.pdf
https://rupadarshiray.github.io/notes/oRFaTFRdcW63Hk5TOCKhvl.pdf
https://rupadarshiray.github.io/notes/VHh3vPQfqiozXy36ebBCeg.pdf
https://rupadarshiray.github.io/notes/oJBAtAjDpnuJtBTdarXZNC.pdf

	Curves in smooth manifolds
	velocity
	equivalence classes of velocities
	canonical bijection with 
	velocity



