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Lebesgue measure on S

< Definition. .

mSn(E) = — 1

MRn+ ({m € B;(0)

w<7))

We shall denote the unit sphere {z € R™ : |z| = 1} by S*~1. If z € R™\ {0},

the polar coordinates of = are

x -

r = |z| € (0,0), = — 8§l

||
The map ®(z) = (r,z’') is a continuous bijection from R™ \ {0} to (0,00) x S™~1
whose (continuous) inverse is ®~1(r,z’) = rz’. We denote by m, the Borel
measure on (0,00) x S™~! induced by ® from Lebesgue measure on R”, that is,
m4(E) = m(®~1(E)). Moreover, we define the measure p = p,, on (0, 0) by
p(E) = [pr™ldr.

2.49 Theorem. There is a unique Borel measure c = 0,_1 on S™ 1 such that
m, = p X 0. If f is Borel measurable on R™ and f > 0 or f € L*(m), then

_ * Nn,n—1 /
(2.50) . f(z)dz = /0 /Sn_l f(rz")yr™ =" do(2') dr.
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