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Proper maps between topological spaces

-

<« Definition. Proper, perfect, universally closed maps

A continuous map f: X — Y between topological spaces is

- proper if preimage of compact sets K C Y, f }(K) are compact in X

- Bourbaki-proper if for any topological space Z the product map
ldz x f: Zx X —>ZxY

is closed
- perfect if f is closed and has compact fibres (f !(y) is compact for all y € Y)

« universally closed if for every continuous map g: Z — Y the pullback
g Xy f A Xy X—Z

is closed
- sequential escaper if for any sequence {z,}, . € X escaping to infinity then
{f(zn)},cn €scapes to infinity

)

E Let f: X — Y be a continuous map between topological spaces. Then f is perfect
— f is proper.

Let K CY be compact and O = {U, C X} be an open cover of f1(K).

- For each p € K, f~!(p) is compact and O covers it, so it has a finite subcover
0,cO
. Let
Uy :=|J0, 2 f'(p)
It is open in X. Thus f(X \ Up,) is closed in Y. So
Y\ Ff(X\U,)
is open inY.

g€ X\U, C X\ f(p) = f(g) #p
. —p¢ f(X\ Up)
—peY\ f(X\U,)

. U, CY\ fHA(X\Tp))

. {Y\f(X\U,)|pe K}
is an open cover of K, thus has a finite subcover
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which means

is a finite subcover of O.

universally closed maps
[4]

when are proper maps closed

Proposition: Let f: X — Y be a proper map which is either

+ between two locally compact Hausdorff spaces

» between two metric spaces

Then f is closed

[5]

proper maps whose images are not closed

<« Definition. A proper map f: X — Y is called bad-proper if the image f(X) C Y is not
closed.

"~

Proposition: Let f: X — Y be a bad-proper map. Then the inclusion
L f(X) =Y

is bad-proper.
Conversely, given a bad-proper inclusion ¢ : F' < Y and a continuous, proper surjection
X —» F gives a bad-proper

X—=Y

.

< Definition. A subset F' C X is bad-proper if the inclusion map ¢ : F — X is bad-proper,
that is, it is a proper map and F' C X is not closed.

[6]
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