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Homogeneous manifold

A transitive smooth Lie group action on a smooth R-manifold is called a homogeneous G-

manifold.

Let θ : G ↷ M is a homogeneous G-manifold. Then the orbit map

θ : G/Gp
≅ManG

M

is a G-isomorphism.



Is every smooth manifold homogeneous?

Given any two points in a connected manifold, there exists a diffeomorphism taking one

to the other. [1]

However, not all smooth manifolds are homogeneous G-spaces for (finite dim) Lie groups

G, there are necessary conditions [2]

(Mostow, 2005) M is a compact homogeneous G-space ⟹ χ(M) ≥ 0 [3]
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Is a quotient of a Lie-homogeneous again Lie-

homogeneous?

No. By

(Mostow, 2005) M is a compact homogeneous G-space ⟹ χ(M) ≥ 0 [1]
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higher genus surfaces are not Lie-homogeneous, but their universal cover is R2 which is Lie-

homogeneous.

The fact that they are not Riemannian homogeneous is easily proven by Riemann surface

techniques. [1]
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