
Continuous functions between metric spaces

A discontinuity at p ∈ X is described by

∃ϵ > 0 : ∀δ > 0, dX(x, p) < δ ⟹ dY (f(x), f(p)) > ϵ

that is, there exists a fixed ϵ > 0 such that for all

If p ∈ X is not a limit point of X.

Equivalent to

V ⊆ Y  is closed in Y ⟹ f−1(V ) is closed in X
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Continuous functions between metric spaces

A function between two metric spaces f : X → Y  is continuous at p ∈ X if ∀ϵ, ∃δϵ

satisfying

If f is continuous at all p ∈ E, then f is continuous on X.

∀x ∈ X, dX(x, p) < δϵ we have dY (f(x), f(p)) < ϵ

⟺ f(B(δϵ,x)) ⊆ B(ϵ, f(x))

B(δ,x) ↦ Bϵ(f(x))

or f(B(δ,x)) ⊆ Bϵ(f(x))

or B(δ,x) ⊆ preimf(B(ϵ, f(x)))

Given a function between two metric spaces f : X → Y  and p ∈ X is a limit point of X

then

f is continuous ⟺ lim
x→p

f(x) = f(p)

A function between two metric spaces f : X → Y  is continuous at x

⟺

for any neighbourhood Nf(p) ⊆ Y  of f(x)

preimf(Nf(x)) (⊆ X) is a neighbourhood of x

A function between two metric spaces f : X → Y  is continuous, that is,

⟺  ∀U ⊆ Y  open subset, the preimage f −1(U) ⊆ X is open.

Continuous functions between metric spaces

A function between two metric spaces f : X → Y  is continuous at p ∈ X if

∀ϵ, ∃δϵ satisfying

If f is continuous at all p ∈ E, then f is continuous on X.

∀x ∈ X, dX(x, p) < δϵ we have dY (f(x), f(p)) < ϵ

⟺ f(B(δϵ,x)) ⊆ B(ϵ, f(x))
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