
Algebra of subsets of a set

We conclude a σ-algebra has the structure

(M, ∩, ∪, ∖)

Proposition: Let X be a set and A ⊂ 2X. Then there exists a smallest σ-algebra M in 2X

such that A ⊂ M.
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A σ-algebra

An algebra M of subsets of X

M ⊆ 2X

satsifies

X ∈ M

(closed in taking complements) S ∈ M ⟹ X ∖ S ∈ M

(closed in finite unions) if S1, S2 ∈ M then S1 ∪ S2 ∈ M

A σ-algebra

A σ-algebra M of subsets of X

M ⊆ 2X

satisfies

X ∈ M

(closed in taking complements) S ∈ M ⟹ X ∖ S ∈ M

(closed in countably infinite unions) if Si ∈ M for all i ∈ N then

⋃
i∈N

Si ∈ M

By X ∈ M and property of being closed in taking complements imply

∅ ∈ M

By taking Si = ∅ for i ≥ N + 1 we have

⋃
0≤i≤N

Si ∈ M

thus the σ-algebra is closed under taking finite unions.

Since

⋂
n≥1

Sn = (⋃
n≥1

S
c

n)

c

a σ-algebra is closed under countable (finite or infinite) intersections.

Since

A ∖ B = B
c ∩ A

thus A, B ∈ M implies A ∖ B ∈ M.

Consider

M := ⋂
A⊂B σ-algebra in 2X

B

...
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