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Counting orbits of discrete subgroups of O"(1,n)(R)
in RH"
Let

< 0'(1,n)(R) = Isom(RH") ~ RH"

be a discrete subgroup.
We know
I ~RH"
is a proper action so |I';| < oo which means the orbit map

I — RH"
v = (y)

gives a bijection

F/Fw = I'{y}
v = (y)

So counting orbit points is same as counting:

p

<« Definition. Orbit counting function

Let
< 0'(1,n)(R) 2 Isom(RH") ~ RH"

be a discrete subgroup.

Let xz,y € RH™ and r > 0. Then

N(r,z,y) := [{y € 'ld(z,7(y)) < r}|
= vy €Th(y) € B:(z)}|

is the orbit counter that counts how many points of ' {y} is in the ball B,(x).

\§

[ Let Yo c T.
« Then

N(T’ Ji,y) = N(’f', -T,’)’O'y)
» There is a r > 0 small enough such that

1
N(r,z,y) = {|F:c|

the orbit count is bounded above by the exponential in r

=] Let >

< 0'(1,n)(R) = Isom(RH") ~ RH"

be a discrete subgroup.
Let y € RH"™. Then there is a Ary > 0 such that

Ve e RH",N(r,z,y) < Ap,yer(”*l)

By the proper action of the discrete group I' ~ RH™, choose € > 0 be small enough so
that

{v(Be(y)) vy €T}

do not overlap unless v € T'y,.
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« Then by the volume of balls

8
e (By(0)) = migns (™) / (sinh#)"dt

te(0,s)

- ms”l(S”_l)/ (-1t g

n 2n-1 t€(0,s)

_ msna (S gle=ie .

STt \(no1)

we have

|| (Bw) C Brie(2)

el (y)€ B, ()
prE(Be)N(r, 2,y) < prEs(Brie(z))
HURH" (Br+e)
pra(Be)

e(n—1)(r+¢) .
‘”’( (n-1) )

< cle(n—l)r

N(r,z,y) <

for lattices, the orbit count is bounded below by exponential
in r eventually

Let " be a discrete subgroup of finite covolume, o € RH™ be such that I', = {Id} and let
D := int(D(T', 0))
D(r) :== B,(o)ND
« Then
B,(0) = B,(0) NTD

= B,(0) NT(D L 8D)
= B,(0) NT(D(ro) U (D \ D(ro)) Ll 8D)

for any r¢ > 0.
» Thus

u(Br) = p(Br NT'D(ro))
+ (B NT(D\ D(ro)))

+ u(B.OFOD))

B:(0) NT'D(rg) = Br(0) N <|_| 7(D(ro))>

yel

N

v(D(ro))
Y€, d(v(y),0)<r+2rg

for any fixed y € D(ry).

« Thus for any y € D(ry) we have

p(D(ro))N(r + 2rq,0,y) = ( | ] W(D(TO)))

€T, d(v(y),0)<r+2ro
> pu(By(0) NT'D(ro))
= u(By) — p(B. NT(D\ D(ro)))

=a / (sinh¢)"'dt — / N(r,o0,y)dp
te(0,r)

y€D\D(r)

> aq / (sinh )" 'dt — agee™ 1"
te(0,r)
o For Ry >0
ay / (sinh ¢)"1dt — agee™ V"
te(0,r)

=a / (sinh¢)"'dt + a; / (sinht)" dt — agee™ V"
te(0,Ry) r€(Ro,r)

et —e t\"!
=as+ a; / ( ) dt — a2ee("71)T
re(Ro,r) 2
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o For

et

inht > —
sin 7

— 2t —2et > ¢l
— et —2">0
— e >2

<~ t> Ry

for some Ry > 0.
o Then

t_ —t\ "1 (n—1)t
[ (555 e ],
’I‘G(Ro,’r‘) 2 TE(R(),’I‘) 477,—

o Therefore

w(D(ro))N(r + 279, 0,9) > a3 + ag(e®™ V" — e VE) _ g eenVp
> (ag — €az)e™ V" 1 ag

» So we must bound (¢ — ecy)e®” + c3 by c4e®” for some ¢4 > 0 were of course we
have € > 0 small enough so that ¢; — eca > 0.
o If ¢3 > 0 then

c3 >0 = (c1 —ec2)e™ +c3 > (c1 — €eca)e™
o Let c3 < 0. Consider

lim (Cl — 602)80” + C3

r—00 ear

=c1 —€c5 >0
« So there is some Ry > 0 and ¢4 > 0 such that
forr > Ry, (c1 — €cy)e™ + c3 > cqe™”
e Thus forr > R

N(r,0,y) > Aler
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« Combination of discrete subgroups of O*(1,n)(R)

« Exponential sum of a discrete subgroup of Isom(RH")
« RepDF(F,,0*(1,n)(R))

» Measure homology on a hyperbolic manifold

o Discrete subgroups with limit set a discontinuum

o Limit sets of discrete subgroups

o Discrete subgroups with limit set a k — 1-sphere

« Counting _orbits of discrete subgroups of O (1,n)(R)_in RH"

« Rigidity of R-hyperbolic manifolds
+ RepDF(my (T2, #), 0" (1,7)(R))
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	Counting orbits of discrete subgroups of  in 
	the orbit count is bounded above by the exponential in 
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