
Disk in holomorphic image of disk

a bounded f ∈ O(D) contains a disk centered at f(0) of

radius 
|f ′(0)|

6∥f−f(0)∥∞

Proposition: Let f ∈ O∞(D) such that f(0) = 0, f ′(0) = 1. Then ∥f∥∞ ≥ 1 and

B(
1

6∥f∥∞
, 0) ⊆ f(D)

Analogously,

Proposition: Let f ∈ O
∞(B(R0, z0)). Then

B (
R2

0|f
′(0)|2

6∥f − f(z0)∥∞
, f(z0)) ⊆ f(B(R0, z0))

a f ∈ O(D) contains an inveritble disk of radius 
|f ′(0)|
72

Proposition: Let f ∈ O(D) such that f(0) = 0 and f ′(0) = 1. Then there is a disk

B(r, a) ⊆ D on which f is injective and

B(
1

72
, f(a)) ⊆ f(B(r, a))
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(Bloch's theorem) Let f ∈ O(D) such that f ′(0) = 1. Then there is a disk Br(a) ⊆ D

on which f is injective and

Bβ(f(a)) ⊆ f(Br(a))

where β ≥ 3
2 − √2 > 1

12 .

Let r ∈ (0, 1) and

f(z) = z + a2z2 +…

where by

we have for each n ≥ 1

By the Cauchy integral formula,

f (n)(0)

n!
≤

1

2π

∥f|rS 1∥∞
rn+1

(2πr)

=
∥f|rS 1∥∞

rn∣ ∣∀r ∈ (0, 1), |an| ≤
∥f∥∞

rn

⟹ |an| ≤ ∥f∥∞

​ In particular, for n = 1 we have 1 = |a1| ≤ ∥f∥∞

Then

f(z) −∑
n≥2

anzn = z

|f(z)| + ∑
n≥2

anzn ≥ |z|

|f(z)| ≥ |z| −∑
n≥2

|anzn|∣ ∣For |z| = 1
4∥f∥∞

 we have

|f(z)| ≥
1

4∥f∥∞
−∑

n≥2

∥f∥∞
1

(4∥f∥∞)n
≥

1

6∥f∥∞

Thus

∂B(
1

4∥f∥∞
, 0) Bc (

1

6∥f∥∞
, 0)

f
∣−→

By [Rouche's theorem]

B(
1

6∥f∥∞
, 0) ⊆ f(D)

Consider

g(z) :≡
1

R0g′(0)
f(R0z)?

and apply

Proposition: Let f ∈ O
∞(D) such that f(0) = 0, f ′(0) = 1. Then ∥f∥∞ ≥ 1 and

B(
1

6∥f∥∞
, 0) ⊆ f(D)

–

–

https://rupadarshiray.github.io/notes/XLvAqQmjPlBuXvaHP26RKV.pdf
https://rupadarshiray.github.io/wiki
mailto:rupadarshiray+wiki@gmail.com
af://h1-1
af://h2-2
app://obsidian.md/stem.rf.1hol.hol.cauchy#^n85lpx
af://h2-3


Let

h : [0, 1] → R

h(r) := (1 − r) f ′|∂B(r,0) ∞∥ ∥​

h is continuous, h(0) = 1,h(1) = 0

r0 := sup h−1(1) ∈ (0, 1)

Choose a ∈ D such that |a| = r0 and |f ′(a)| = f ′|∂B(r0,0) ∞
.∥ ∥Then

h(r0) = 1 ⟹ f ′(a) =
1

1 − r0∣ ∣For |z − a| < 1
2 (1 − r0) =: ρ0 we have |z| < 1

2 (1 + r0). Then for |z − a| < ρ0 we

have

f ′(z) − f ′(a) ≤ f ′(z) + f ′(a)

≤ f ′|∂B( 1
2 (1+r0),0) +

1

1 − r0

= h
1 + r0

2
<r0

<1

1

1 − 1+r0

2

+
1

1 − r0

<
1

ρ0
+

1

2
ρ0

=
3

2ρ0∣ ∣ ∣ ∣ ∣ ∣∥ ∥⎛⎜⎝

⎞⎟⎠

By

we have

Proposition: Consider a holomorphic function f such that

f : B(R0, z0) → B(M0, f(z0))

that is

Then

|f(z) − f(z0)| < M0 |z − z0| < R0

|f(z) − f(z0)| ≤
M0

R0
|z − z0| |z − z0| < R0

f ′(z) − f ′(a) ≤
3

2ρ0

1

ρ0
|z − z0|∣ ∣ for |z − a| < ρ0

Then for r := 1
3 ρ0 we have

f ′(z) − f ′(a) ≤
3

2ρ0

1

ρ0

1

3
ρ0

=
1

2ρ0

= f ′(a)∣ ∣ ∣ ∣ for |z − a| < r

By

we have f is injective on Br(a).

As #Wiki/inprogress

from

|f(z) − f(a)| <
1

3
for |z − a| <

1

3
ρ0

Proposition: Let f ∈ O
∞(B(R0, z0)). Then

B (
R2

0|f
′(0)|2

6∥f − f(z0)∥∞
, f(z0)) ⊆ f(B(R0, z0))



Consider the derivative

D0 : O((D, 0), (C, 0)) → D

Then the subset of functions such that f ′(0) = 1 is

O((D, 0), (C, 0)) ∩D
−1
0 (1)

Now,

Proposition: Let U ⊆ C be a bounded open set and f ∈ O(U) ∩ C(U). Consider

s0 := min
z∈∂U

|f(z) − f(a)|

for some a ∈ U . Then

B(s, f(a)) ⊆ f(U)

Current note has 0 direct children and 0 total descendants.

And it has 13 siblings.

we conclude

B
( 1

3 ρ0)
2
( 1

2ρ0
)
2

6 1
3

1

9 ⋅ 4 ⋅ 2
=

1

72

, 0 ⊆ f (B (r, a))

⎛⎜⎝

⎞⎟⎠–––O((D, 0), (C, 0)) ∩D
−1
0 (1) → [

1

72
,∞)

f ↦ sup{r ≥ 0 f−1(B(r, b) ↪ B(r, b)}

–∣ f

–

As f(∂U) ⊆ C is compact and does not include f(a) there is a minimum s0 > 0 for

|f(z) − f(a)| z ∈ ∂U

​ As f(U) is open
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	Disk in holomorphic image of disk
	a bounded  contains a disk centered at  of radius 
	a  contains an inveritble disk of radius 
	
	


