() Info

This note, that was found here, as a part of a collection

is written (completely with human hands) by Rupadarshi Ray,
was created on June 12, 2026 8:49:37 PM,

was last modified on September 7, 2026 1:11:16 PM, and
was exported on September 7, 2026 3:09:59 PM.

Disk in holomorphic image of disk

-

on which f is injective and

Bgs(f(a)) € f(B:(a))

whereﬂZ%—\/i>1—12.

A&

{¥ (Bloch's theorem) Let f € (D) such that f'(0) = 1. Then there is a disk B,.(a) C D

~

a bounded f € (D) contains a disk centered at f(0) of

£'(0)]
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Proposition: Let f € 6°°(D) such that f(0) =0, f'(0) =1. Then ||f||,, > 1 and

radius

Let r € (0,1) and

f(2) =z+ a2+ ...

where by

o By the Cauchy integral formula,

PO 1 (£l

n! — 27 pntl (27r)
sl
==

we have for eachn >1
| £]
Vr € (0,1),]a,] < rnoo

= |an| < ||l

« In particular, for n = 1 we have 1 = |a;| < || f||

o Then

f(z) — Zanz” =z

n>2
z)| + Zanz” > |z
n>2
1£(2)] = |2 =) lanz"|
n>2
- For |z| = m we have
@ 2 g = S 1l R

4||fH = 4HfH ) 6/ fll

« Thus
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- By [Rouche's theorem]

Analogously,
Proposition: Let f € 6°°(B(Ry, z9)). Then

RS (O)
B(Wf—ﬂmww

,f(20)> C f(B(Ro, 20))
A Consider

9(z) = f(Ro2)?

L
Rog’(O)

and apply

a f € 0(D) contains an inveritble disk of radius

1£'(0)]
72

Proposition: Let f € &(D) such that f(0) = 0 and f’(0) = 1. Then there is a disk
B(r,a) € D on which f is injective and

B(%nggfwm@>

Proposition: Let f € 6°°(D) such that f(0) =0, f'(0) = 1. Then ||f||, > 1 and
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Let

h:[0,1] - R
h(r) := (1

—)[|#'lor0) ||

> I h is continuous, h(0) = 1,h(1) =0

. [ < Definition. 7o :=suph~1(1) € (0,1)

« Choose a € D such that |a| =79 and |f'(a)| = ||f'|6B(r0)]|
« Then
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h(ro) =1 = |f'(a)| =

« For |z —a| < 5(1 —r9) =t pg we have |z| < 5 (14 r¢). Then for |z — a| < py we

have
|f'(z) = f'(a)| < | (2)] + | f'(a)]
1
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Proposition: Consider a holomorphic function f such that
f: B(Ro, 20) = B(Mo, f(20))
that is
|£(2) = f(20)| < Mo
Then
M,
£(2) = f(z0)| < L1z = 20l
0
we have
72~ @) < 5|z 2]
2po

« Then for r := %po we have

1f'(2) = f'(a)| < 5 ——=po

oBy

-~ ~ a —

|Z—Z(]| < Ry

|z—z0| < Ry

for |z —a| < po

for |z —a|l <7

1.3 Lemma. Let f be an analytic function on the disk B(a; r) such that
|f'(2)—f"(@| < |f'(a)| for all z in B(a; r), z # a; then f is one-one.

Proof. Suppose z, and z, are points in B(a; r) and z, # z,. If y is the line
segment [z,, z,] then an application of the triangle inequality yields

fe) -1l = |[ r@

> |[r@d| - |[ r@-rad

> @] 2= 2] — [1/@-1@] |dz|.

Using the hypothesis, this gives | f(z;) —f(z;)| > 0 so that f(z,) # f(z;) and

fis one-one. I}
we have f is injective on B,(a).

7~ f@)] < 5

from

Proposition: Let f € 6°°(B(Ry, 2)). Then

B( R3|£(0)[*

6[|f — 7(20)ll

,f(zo)> C f(B(Ro, 20))

1
for |z —a| < 3P0



we conclude

0 € f(B(r,a))

Consider the derivative
Dy : 0((D,0),(C,0)) = D
Then the subset of functions such that f/(0) =1 is
0((D,0),(C,0)) N Dy (1)
Now,
o((D,0), (C,0)) N Dy (1) [%oo)
f— sup {r > Olf_l(B(r,b) =R B(r, b)}
Proposition: Let U C C be a bounded open set and f € &(U) N C(U). Consider
so+=min |f() - f(a)

for some a € U. Then

B(s, f(a)) € f(U)
¢ As f(OU) C C is compact and does not include f(a) there is a minimum sq > 0 for
17(2) — f(a)] z€0U

« As f(U) is open
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» Holomorphic functions on spaces over C_of dimension 1

¢ mapping

« Disk in holomorphic image of disk

And it has 13 siblings.

e stem

« subobjects of and functions on R™, S™, C™_and its quotients F\Rn, P\Cn

« Holomorphic functions on spaces over C_of dimension 1

¢ mapping

» Bounding_derivative of holomorphic mappings

» Bounding_holomorphic functions linearly

« Branch points and ramification index of holomorphic functions

 Disk in _holomorphic image of disk

« Size of holomorphic image of disks

o Maximum and minimum of holomorphic functions

« Fibers of holomorphic mappings

« Non-constant holomorphic functions locally look like w* and are

» Biholomorphic mapping_onto disk

» Conformal radius of pointed simply_connected open subsets of C

» Holomorphic functions on punchered disk

» Holomorphic function whose singularities are not isolated

o A holomorphic map branched over Q
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	Disk in holomorphic image of disk
	a bounded  contains a disk centered at  of radius 
	a  contains an inveritble disk of radius 
	
	


