
Probability distribution of flow
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F ∈ Vec1(Rn) be a complete vector field, then

d

dt
volRn(Φt

F A)
t=0

= ∫
A

divF∣F ∈ Vec1(Rn) be a complete vector field, divF = 0 ⟹ Φt
F
 preserves volume,

volRn(Φt
F A) = volRn(A)

Evolution of a probability distribution by flows of a vector field

Let ρ0 be a probability distribution on Rn then define the distribution ρF
t  evolved by F  as

that satisfies

∫
A

ρF
t = ∫

Φ−t
F A

ρ0

for any A ⊂ Rn.

∫
y∈A

ρF
t (y) = ∫

x∈Φ−t
F A

ρF
t (Φt

F (x))(detDxΦt
F ) = ∫

x∈Φ−t
F A

ρ0(x)

​ As A is arbitrary, the integrands must be equal

⟺ ρF
t (Φt

F (x))( detDxΦt
F

1+t(divF(x))+O(t2)

) = ρ0(x)


​
⟹ ρ0 = ρt(Φt)(1 + tdivF + O(t2))

​
⟺ ρ0 − ρt(Φt) = ρt(Φt)(tdivF + O(t2))

F ∈ Vec1(Rn) be a complete vector field,

d

dt
ρt ∘ Φt

F = ∂tρt + ∂F (ρt) = −ρtdivF
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