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Density on a R-vector space

A density on a finite dimensional R-vector space V  is a function

μ : V dim V → R

such that

T ∈ EndVecR(V ),  v1, … , vn ∈ V ⟹ μ(Tv1, … , Tvn) = |det T |μ(v1, … , vn)

The space of all densities

D(V )

is a R-vector space under pointwise addition and scalar multiplication.

If μ1, μ2 ∈ D(V ) and they agree on a basis of V , then μ1 = μ2.

We have a map

and for any |ω| we have an R-linear isomorphism

and thus

dimR D(V ) = 1

Λdim V (V ∗) → D(V )

ω ↦ |ω|

R → D(V )

c ↦ c |ω|

A positive density on V  is a density μ satisfying μ > 0 for some linearly

independent tuple.

Density bundle on a smooth manifold

Let M be a smooth manifold with or without boundary. Then

DM := ∐
p∈M

D(TpM)

with the projection

has a natural smooth line bundle structure over M called the density bundle.

A section of D(M) is called a density on M.

π : DM → M

D(TpM) ↦ p

is a bijection?

Ωdim M (M) → DM

ω ↦ |ω|

A smooth positive density exists on every smooth manifold with or without boundary.

Pullback of densities

If

F : M → N

is a smooth map between smooth n-manifolds with or without boundary and μ is a density

on N , we define pullback density on M by

(F ∗μ)p(v1, … , vn) := μF(p)(F ∗
p v1, … , F ∗

p vn)

This gives a

F ∗ : DN → DM

μ ↦ F ∗μ

Integration of densities on smooth manifolds

Let M be a smooth manifold with or without boundary.

If μ is a density on M supported on a domain of a single smooth chart

x : U ⊆ M → R
dim M

then the integral of μ on M is defined as

∫
M

μ = ∫
x(U)

(x−1)∗μ
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This is extended to arbitrary densities μ ∈ DM by setting

∫
M

μ =∑
i

∫
M

ψiμ

where {ψi} is a smooth partition of unity subordinate to a open cover of M by smooth

charts.
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