() Info

This note, that was found here, as a part of a collection

is written (completely with human hands) by Rupadarshi Ray,
was created on January 4, 2025 6:35:57 AM,

was last modified on May 17, 2026 7:36:54 PM, and

was exported on September 7, 2026 3:31:10 PM.

Density on smooth manifolds

-

<« Definition. Density on a R-vector space

A density on a finite dimensional R-vector space V is a function
ViRV R
such that
T € EndVecg(V), vi,...,v, € V. = p(Tvy,...,Tv,) = |det T|u(vy, ... ,vy)
The space of all densities
D(V)

is a R-vector space under pointwise addition and scalar multiplication.

& If p1,p2 € D(V) and they agree on a basis of V, then p; = ps.

& We have a map

ATV(V*) — D(V)
w i |w)

and for any |w| we have an R-linear isomorphism

R — D(V)

c— clw|
and thus

dimp D(V) = 1

.

U

< Definition. A positive density on V' is a density p satisfying u > 0 for some linearly
independent tuple.

y

\.

<«¥ Definition. Density bundle on a smooth manifold

Let M be a smooth manifold with or without boundary. Then

DM := [[ D(T,M)
peEM

with the projection

m:DM — M
D(T,M) > p

has a natural smooth line bundle structure over M called the density bundle.
A section of D(M) is called a density on M.

p

03 :
QimMpry — DM

w i |wl

is a bijection?

5 A smooth positive density exists on every smooth manifold with or without boundary.

p

.

<« Definition. Pullback of densities

If
F:M— N

is a smooth map between smooth n-manifolds with or without boundary and u is a density

on N, we define pullback density on M by
(F*w)p(v1y -y 00) = ppe) (Fyv, - - Fyvg)
This gives a

F*:DN — DM
p— Fu

y

<«¥ Definition. Integration of densities on smooth manifolds
Let M be a smooth manifold with or without boundary.
« If pis a density on M supported on a domain of a single smooth chart
z:UC M — RI=M

then the integral of u on M is defined as

/Mu = /Z(U)(w_l)*u
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» This is extended to arbitrary densities u € DM by setting

/Mu= ;/M%u

where {1;} is a smooth partition of unity subordinate to a open cover of M by smooth

charts.
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