
Mean value property of functions

From

we already know any continuous function on [a, b] has a global maxima and a global minima.

There are two possibilities
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Obviously it is possible to have f ′ ≠ 0 on [a, b] for a continuous function on [a, b] that is

differentiable function on (a, b), just take f(x) = x on [0, 1].

C[a, b] functions with fixed endpoints differentiable on (a, b)
have at least one stationary point

But what if we demand the endpoints have the same value. This defines a function

↔ f : S 1 → R

on the circle

[a, b]

a ∼ b
≅Man S 1

but the hypothesis of f being differentiable on (a, b), this just says f is differentiable on S 1

except at one point.
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(Extremum value theorem for continuous [a, b] → R) Let

be continuous, then a global maxima and a minima exists M, m ∈ [a, b] for f.

f : [a, b] → R

█

▛

By

A continuous function from a compact metric space to R has a global maxima

and a global minima.

at least one extremum is in the interior (a, b)

maxima and the minima both extremums are at the boundary points a, b

f : [a, b] → R

f(a) = f(b)

(Rolle's theorem extended by Cauchy) Let a continuous

such that

f ′ : (a, b) → R ∪ {∞, −∞}

exists. Then there is a point in the interior where the derivative is zero

∃c ∈ (a, b) such that f ′(c) = 0

f : [a, b] → R

f(a) = f(b)

▛

(Extremum value theorem for continuous [a, b] → R) Let

be continuous, then a global maxima and a minima exists M, m ∈ [a, b] for f.

f : [a, b] → R

▛
By

A continuous function from a compact metric space to R has a global

maxima and a global minima.
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mean value theorems

Even though the statement does not contain all the information from the proof, still the

statement of Rolle's has consequences.

█

█

Define M, m such that f(M) = sup f and f(m) = inf f

​ If one of M, m is in the interior (a, b) then f ′(m) = 0 or f ′(M) = 0 at that

extremum value because of

(Derivative, if it exists, must be 0 at local extremas) Let a

function f : (a, b) → R have a local maxima or minima at c ∈ (a, b). If
f has an extended derivative at c then the derivative must be zero

f ′(c) ∈ R ∪ {−∞, ∞} ⟹ f ′(c) = 0

Therefore,

{local extremum of f} ⊆ Z(f ′)

If M, m ∈ {a, b}, then

f(a) = f(b) ⟹ M = m

so the minima and maxima values are equal so the function must be a constant:

f(a) = f(b) = f(x) for all x ∈ (a, b). A constant function is always differentiable

and derivative is zero: f ′(x) = 0 for all x ∈ (a, b).

From the proof of Rolle's theorem, we know more about the point c, as we may choose c

to be a global maximum or a global minimum for a non-constant f.

If f is non-constant, global max and min must be necessarily have different values and

are on two distinct points M, m where

f(M) := sup f[a, b] ≠ f(m) := inf f[a, b]

In general both points would not be in the interior or have derivative zero by the example

of x(1 − x) on [0, 1].

Example

x(1 − x) on [0, 1]
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(Lagrange's mean value theorem) Let a continuous function

f : [a, b] → R

be differentiable on (a, b). Then there is a point c ∈ (a, b) at which

f(b) − f(a) = (b − a)f ′(c)

(Cauchy's mean value theorem) Let two continuous

(f, g) : [a, b] → R
2

be differentiable on (a, b). Then there is a point c ∈ (a, b) at which

(f(b) − f(a))g′(c) = (g(b) − g(a))f ′(c)

app://obsidian.md/stem.rf.derivative#^ow8lsl
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applying Rolles' on

Cauchy's mean value 

theorem

the difference 

h(t) := (f(b) − f(a))g(t) − (g(

 on t ∈ [a, b] , Then h is 

continuous on [a, b] and 

differentiable in (a, b) and 

h(a) = f(b)g(a) − f(a)g(b) =

Lagrange's mean value 

theorem

In the generalized mean 

value theorem we put 

g(t) = t 

h(t) := (f(a) − f(b))t − (b − a

 then 

h(a) = f(b)a − f(a)b = h(b)

(f(b) − f(a))c =
1

2
(b2 − a2)f ′

put g(t) = t2

2  we have

for determinants Let three continuous 

g1, g2, g3 : [a, b] → R

 be differentiable on (a, b). 
Then for 

D(x) := det

We observe 

D′(x) = det

 and 

D(a) = 0 = D(b)

 thus we apply Rolle's mean 

value theorem on D itself.

monotonicity

Corollary of mean value theorem: If

f : (a, b) → R

is differentiable, then for any proper subinterval (x1, x2) ⊂ (a, b) by mean value theorem we

have

∃x ∈ (x1, x2) : f(x2) − f(x1) = (x2 − x1)f ′(x)

Thus

Hypothesis on 

f ′

Consequence of 

f ′ ≥ 0 on (a, b) ∀x1 < x2 ∈ (a, b), f(x1) − f(x2) ≥ 0

 thus f is increasing on (a, b)

f ′ = 0 on (a, b) ∀x1 < x2 ∈ (a, b), f(x1) − f(x2) = 0

 thus  f is constant on (a, b)

f ′ ≤ 0 on (a, b) ∀x1 < x2 ∈ (a, b), f(x1) − f(x2) ≤ 0

  thus f is decreasing on (a, b)

f ′ < 0 on (a, b) ∀x1 < x2 ∈ (a, b), f(x1) − f(x2) < 0

  thus f is strictly decreasing on (a, b)

f ′ > 0 on (a, b) ∀x1 < x2 ∈ (a, b), f(x1) − f(x2) > 0

 thus f is strictly increasing on (a, b)

f ′ = α is a constant on (a, b) or 

f ′′ = 0

 on (a, b)

f(x) − αx has zero derivative, thus f is 

linear 

f(x) ≡ f ′(0)x + f(0)

(Cauchy's mean value

theorem) Let two

continuous

(f, g) : [a, b] → R
2

be differentiable on (a, b)
Then there is a point

c ∈ (a, b) at which

(f(b) − f(a))g′(c) = (g(b

⎡⎢⎣g1(x) g2(x) g

g1(a) g2(a) g

g1(b) g2(b) g

⎡⎢⎣g′
1(x) g′

2(x) g

g1(a) g2(a) g

g1(b) g2(b) g

Corollary of mean value theorem: If

f : (a, b) → R

is differentiable, then for any proper

subinterval (x1, x2) ⊂ (a, b) by mean

value theorem we have

∃x ∈ (x1, x2) : f(x2) − f(x1) = (x2 − x1)f
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Hypothesis on 

f ′′

 or higher derivatives

Consequence of 

f ′ = α is a constant on (a, b) or 

f ′′ = 0

 on (a, b)

f(x) − αx has zero derivative, thus f is 

linear 

f(x) ≡ f ′(0)x + f(0)

f ′′ ≥ 0

 on (a, b)

f (
x + y

2
) ≤

f(x) + g(x)

2

 thus f is convex on (a, b)

f ′′ ≤ 0

 on (a, b)

f (
x + y

2
) ≥

f(x) + g(x)

2

 thus f is concave on (a, b)

f (n) = 0

 on (a, b)

f is a polynomial 

f(x) =
n−1

∑
k=0

f (k)(0)

k!
xk

intermediate value property of derivatives

bounded derivative and uniform continuity

Let

f : U(interval) ⊆ R → R

have a bounded derivative |f ′| ≤ M for some M ≥ 0. Then for every x, y ∈ U by

there is a c ∈ (x, y) such that

So for any ϵ > 0 choosing δ := ϵ/M we have

x, y ∈ U , |y − x| ≤ δ =
ϵ

M
⟹ |f(y) − f(x)| ≤ M

ϵ

M
= ϵ

Hence, f is uniformly continuous on U .

C1 ⟹  locally Lipschitz

Let

f : [a, b] → R

be differentiable and

f ′ : [a, b] → R

be continuous. Then f ′ is bounded, say |f ′| ≤ M. Then for any x, y ∈ [a, b] by

Corollary of mean value theorem: If

f : (a, b) → R

is differentiable, then for any proper

subinterval (x1, x2) ⊂ (a, b) by mean

value theorem we have

∃x ∈ (x1, x2) : f(x2) − f(x1) = (x2 − x1)f

Let

f : [a, b] → R

be differentiable and λ ∈ (f ′(a), f ′(b)). Then there is a c ∈ [a, b] such that

f ′(c) = λ

(Lagrange's mean value theorem) Let a continuous function

f : [a, b] → R

be differentiable on (a, b). Then there is a point c ∈ (a, b) at which

f(b) − f(a) = (b − a)f ′(c)

f(y) − f(x) = (y − x)f ′(c)

|f(y) − f(x)| = |y − x| f ′(c)

≤ M |y − x|∣ ∣(Lagrange's mean value theorem) Let a continuous function

f : [a, b] → R

be differentiable on (a, b). Then there is a point c ∈ (a, b) at which

f(b) − f(a) = (b − a)f ′(c)
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we have

∃c ∈ (a, b) :
f(y) − f(x)

y − x
= f ′(c) ≤ M

Hence, f is Lipshitz continuous on [a, b].

bounded derivative ⟺  Lipshitz

Let

f : U(interval) ⊆ R → R

be differentiable.

differentiable functions on the circle

If we have a differentiable non-constant function on S 1 then we have

mean value for f : U ⊆ R
n → R

∣ ∣ ∣ ∣Then f being M-Lipshitz implies

f(y) − f(y + h)

h
≤ M ⟹ f ′(y) ≤ M

so f has a bounded derivative on U .∣ ∣ ∣ ∣Let f have a bounded derivative on U , |f ′| ≤ M. Then for any x, y ∈ U , by

we have

∃c ∈ (x, y) :
f(y) − f(x)

y − x
= f ′(c) ≤ M

Thus, f is M-Lipschitz.

(Lagrange's mean value theorem) Let a continuous function

f : [a, b] → R

be differentiable on (a, b). Then there is a point c ∈ (a, b) at which

f(b) − f(a) = (b − a)f ′(c)∣ ∣ ∣ ∣Bug

If we have a differentiable function on the circle S 1, that is equivalent to a continuous

which is differentiable on (a, b) and the left hand derivative at b = right hand derivative at

a.

Then such a non-constant f has distinct maxima and minima

f : [a, b] → R

f(a) = f(b)

f(M) := sup f[a, b] ≠ f(m) := inf f[a, b]

f ′(M) = 0 = f ′(m)

Let

f : U  (open) ⊆ R
n → R

be differentiable

df : U → R
n∗

​ For any x, y ∈ U such that the line segment xy ⊆ U we have–

f ∘ xy : [0, 1] → R

t ↦ f((1 − t)x + ty)

–

By

(Lagrange's mean value theorem) Let a continuous function

f : [a, b] → R

be differentiable on (a, b). Then there is a point c ∈ (a, b) at which

f(b) − f(a) = (b − a)f ′(c)
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there is a c ∈ (0, 1) such that

f(y) − f(x) =
d

dt
f((1 − t)x + ty)

t=c

= d(1−c)x+cyf(y − x) ∣This implies

|f(y) − f(x)| ≤ d(1−c)x+cyf
Rn∗ |y − x|

for the operator norm on Rn∗. ∥ ∥Let

f : U  (open, convex) ⊆ R
n → R

m

be differentiable

Df : U → EndVecR(Rn,Rm)

such that the operator norm of the derivative on U is bounded by M

∀x ∈ U , ∥Dxf∥n→m ≤ M

Then f is M-Lipshitz on U

∀x, y ∈ U , |f(y) − f(x)| ≤ M |y − x|

Example

bounded derivative but non-Lipshitz

The operator norm of the derivative

∥dθ∥ =
√x2 + y2

x2 + y2
=

1

√x2 + y2

is bounded on complement of the unit disk

∥dθ∥ ≤ 1 on  (R2 ∖ (−∞, 0)) ∖ D2

However,

|θ(−2, ϵ) − θ(−2, −ϵ)|

|(−2, ϵ) − (−2, −ϵ)|

2π

2ϵ

Therefore,

|θ(y) − θ(x)| ≤ ∥dθ∥

≤1

|y − x|

does not hold.

[1]

–

ϵ→0
−→



1. https://math.stackexchange.com/questions/704108/a-generalization-of-the-mean-value-theorem↩︎
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