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The only compact connected Lie group that can act
faithfully on a torus is itself

654 Proposition (Bourguignon, Yau) The only connected, compact Lie
group which can act effectively on the torus T" is a torus T%, k < n.

PrOOF Suppose that a connected compact group G acts effectively
on T™ It suffices to show that the Lie algebra g of G is abelian. By
averaging a metric on T" over the action of G by integration (see the
proof of 6.8) we may assume that G acts on 7" by isometries. By
5.13, u(X) is constant on T" if u is a harmonic 1-form and X is a
Killing field on T". Therefore if X and Y are Killing fields on T%,
then for each harmonic 1-form ux on T7,

u[X, Y)) = Xu(Y) — Yu(X) — du(X, Y)=0  (du=0)

If {4} is a basis for the space of harmonic 1-forms on T", i=1, ...,
n, then u! A--- Ap" is cohomologous to the volume form on T", and
is therefore nonzero on some open subset of T". Therefore
[X, Y] = 0 on this open set; since [X, Y] is a Killing field on T", it is
zero everywhere on T". But by hypothesis, G is a subgroup of the
isometry group of T"; thus (3.53) g is isomorphic to a Lie subalgebra
of the Killing fields on T, and is therefore abelian.

For an alternative proof, see [Y].
Exercise In the proof above, instead of averaging a metric on T" over

the action of G, it suffices to average a linear connection on T" over
the action of G.
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