
Hamiltonian Lie group action on a symplectic manifold

For R,

{symplectic R ↷ (M, ω)}

d
dt

−⇀↽− {complete SymVec(M, ω)}

The action is "Hamiltonian" if there exists a H ∈ C
∞(M) that is, a smooth map

H : M → R

such that its Hamiltonian vector field generates the R action

ω−1dH =
d

dt t=1
Φt

Given a symplectic action

we have a Lie algebra homomorphism

dΦ : g → SymVec(M, ω)

If we demand the image is inside Hamiltonian vector fields

dΦ : g → HamVec(M, ω)

then we have

For a basis (vi) of g, we have dim G functions

μvi : M → R

whose Hamiltonian vector field = vector field that generates vi-actions

ω−1dμvi = dΦ(v)

such that the map μ : M → g∗ is equivariant.

So given the moment map we have the G-action

exp t(ω−1dμvi)

symmetry
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exp(t −) ∣Symplectic Lie group action on a symplectic manifold

A smooth Lie group action

Φ : G ↷ M

on a symplectic manifold is a symplectic action if G acts by symplectomorphisms

Φ : G → Sym(M, ω)

Hamiltonian Lie group acition on a symplectic manifold

A

is a Hamiltonian action if there exists a smooth map

such that

Symplectic Lie group action on a symplectic manifold

A smooth Lie group action

Φ : G ↷ M

on a symplectic manifold is a symplectic action if G acts by symplectomorphisms

Φ : G → Sym(M, ω)

μ : M → g
∗

p ↦ μ(−)(p)

for each v ∈ g, the component of μ along v

μv(−) ∈ C
∞(M)

is the function whose Hamiltonian vector field that generates the action by v

ω−1dμv = diΦ(v) ⟺ dμv = ω(diΦ(v), −)

μ is equivariant with the G action on M and coadjoint action on g∗

μ ∘ Φg = Ad∗
g ∘ μ

A symplectic Hamiltonian G-manifold is a Hamiltonian G-action

Φ : G ↷

μ

(M, ω)

with moment map μ.
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[1]

a function

f ∈ C
∞(M)

is G-invariant ⟺  μ is a constant on the flow of the Hamiltonian vector field of f.

A symplectic Hamiltonian G-manifold is a Hamiltonian G-action

Φ : G ↷

μ

(M, ω)

with moment map μ.



█

▛

LXf
μv = dμv(Xf) = −ω(dΦ(v), Xf) = −LdΦ(v)f

We have a correspondence between G-invariant functions f

⟺

R-flows exp tXf on M such that μ is constant on the flow

⟺

R-flows exp tXf on M that commute with the action of Φ : G ↷ M

0 = ω(dΦ(v), Xf) = −[dΦ(v), Xf ]
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