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Holomorphic functions on C

Given an open subset U ⊆ C, a function

f : U → C

is called holomorphic if it satisfies any of the equivalent conditions

lim
h→0,h∈C∖{0}

f(z + h) − f(z)

h

exists for all point z ∈ U

⟺ f is analytic that is ∀z0 ∈ U , ∃ϵ > 0 such that

f(z) = ∑
n≥0

an(z − z0)n

for all z ∈ B(ϵ, z)

⟺  f satisfies the Cauchy-Riemann equations

∂

∂z̄
f = 0

⟺  it satisfies Cauchy integral formula, that is, f ∈ C 1(U), for all z0 ∈ U , ∃ϵ > 0

f(z0) =
1

2πi
∫

∂B(ϵ,z0)

f(z)

z − z0

⟺  the complexified total derivative (whose Jacobian is)

D
C
z0

f : Tz0R
2 ⊗ C → Tf(z0)R

2 ⊗ C

is diagonal ⟺  it is a C-linear map and then we have the complex total derivative

(whose Jacobian is)
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