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Tangent space of a smooth manifold

(T,M,+, )

p

72 Motivation: Tangent space must contain "velocities" of smooth curves. >

Motivated from the definition

s A

<« Definition. The equivalence classes of velocity

Denote the quotient set of the equivalence classes of velocity by

Curves™(p € U)/(-)'(0)

and the equivalence classes by

[v'(0)]

because it does not depend on chart.

& J

we want to define a tangent space for a point T, M for a point p € M which is identified

with the equivalence classes of velocities.

.

We make definition of the tangent space as operators on smooth functions.

-

<« Definition.
(TPM’ + )

Given a smooth manifold M,and any p € M we define the tangent space T, M at the
point p as
(Tp,M,+,-) < HomVecg (C*(M),R)
containing the operators
(—07)(0)

for any smooth curve 7 : (—¢,e) — M with v(0) = p.

.

= For any smooth manifold M, there exists an unique tangent space at the point p

< Definition.

(TPM7 +, )
Given a smooth manifold M,and any p € M we define the tangent space 7},M at
the point p as
(TpyM,+,-) < HomVecy (C*(M),R)
containing the operators

(=o)'(0)

for any smooth curve 7y : (—e,€) — M with v(0) = p.

\ J

foranype M

& For a n-manifold M, map

T,M — R"
(—o7)'(0) = (¢ 07)'(0)

is an R-linear isomorphism for any local chart ¢ at p. Hence,

dim(T,M) = dim(M).

identifications
Tangent vectors can be identified with each of following:
« velocities of curves in a chart

& For a n-manifold M, map

T,M — R"
(=o7)(0) = (¢ o7)'(0)

is an R-linear isomorphism for any local chart ¢ at p. Hence,

dim(T,M) = dim(M).

« Tangents on smooth manifolds as derivations C*°(M) — R

» as an equivalence class of velocity of curves [vy/(0)]

« as actual velocities of curves 4'(0)

(for the definition itself) directional derivative in the direction '(0)_at v(0)

sett.Man.R.T.v.comparison

Comparison of constructions with tangent vectors
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« local basis of a tangent space of a smooth manifold

« tangent space functor

o Tangent bundle T'M of a smooth manifold M

o sett.Man.T.tensor

« Tangent frames on smooth manifolds

tangent space functor

y

such that

basepoint

Define the functor

<¥ Definition. tangent space functor

T,: Man, — Vecy

(M,p) — T,M

(F': (M,p) = (N, F(p)) = DpF

» Smooth functions between the smooth manifolds maps onto its derivative at the
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[ = Tangent space functor is a covariant functor.

Current note has 8 direct children and 12 total descendants.

« structures based on sets

e manifolds

o smooth R-manifold

» Tangents on a smooth manifold

« Tangent space of a smooth manifold

« Canonical bijection of T, M_with equivalence classes of

velocities

« Tangents on smooth manifolds as derivations C*°(M) — R

« local basis of a tangent space of a smooth manifold

« Tangent bundle T'M _of a smooth manifold M

« Cotangent bundle T* M _on a smooth manifold M

« Comparison of constructions with tangent vectors

« Tangent frames on smooth manifolds

o Tangent vector fields on a smooth manifold

o Vector field on smooth manifold M as derivation of
C®(M)

o Exponential of vector fields

o Index of a vector field

o Lie bracket of two smooth vector fields on_ manifold

And it has 4 siblings.

« structures based on sets

e manifolds

o smooth R-manifold

» Tangents on a smooth manifold

« Cotangent space on a smooth manifold T}"M

» Connection on the tangent bundle of a smooth manifold

o Differential forms on smooth manifolds

» Tangent space of a smooth manifold
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