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AutPoly(R"™)

< Definition.
AutPoly(R") := {f: R" = R"|f, f ' € R[R"]}

compact group actions by polynomial automorphisms have
Zariski closed orbits

Proposition: Let G be a compact group and 6 : G ~ R™ be a smooth action for some

m > 1 such that G acts by polynomial automorphisms

0 : G — AutPoly(R"™)

Then every orbit

G {p}

(for any p € R") is a Zariski closed subset of R™.

Let y,x € R™ be in different orbits. As G {z}, G {y} are compact and disjoint, there is a

continuous function

p:R" =R
G{z}—0
G{y}—1

+ By Stone-Weirstrass theorem there is a polynomial p € R[R"] such that

1
HSO _pHC(G{m,y}) < Z

Ip(2)] < % onz € G{z}

1
Ip(z) — 1] < ZoanG{y}

» Now we average out this polynomial along every orbit
f:R" =R
1) = [ pler(z)dve
geG

« As 09 is a polynomial automorphism, we have

p(z) = imzl
— 5(67(2) - zj:az(g)zf
= 1= [ oo =3 ([ et
which is still a polynomial with
f@] < 31 11 < 5

+ Therefore, f — f(z) is a polynomial which vanishes on G {z} and not on y.
+ So the Zariski closure of G {z} contains no element y € R™ \ G {z}. Thus the orbit
G {z} is Zariski closed.
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