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Proper Lie group actions

-

< Definition. A smooth Lie group action 8 : G ~ M is proper if

o X 0:GxM—MxM
(g,m) — (m,0,(m))

is proper as a continuous map.

We have a following commutative diagram
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equivalent characterizations
Proposition: Let M be a topological manifold and let G ~ M acts continuously. Then the
following are equivalent

1. the action is proper

-~

< Definition. A smooth Lie group action 6 : G ~ M is proper if

o X0 :GxM— MxM
(g,m) — (m, 04(m))

is proper as a continuous map.

2. {pi} € M,{g;} C G are sequences such that both {p;},{gipi} converge = a
subsequence of {g;} converges

3. for every compact K C M the set

Gk ={g9 € Glg(K)N K # 0}
= 7TG><M—>G((7T2 X 9)71(K X K))

is compact.

proper actions and compactness
I Proposition: Any smooth Lie group action by a compact Lie group is proper.

Proposition: Let G ~ M be a smooth and proper Lie group action on a compact manifold

M. Then G must be compact.

restricted action by closed subgroups

& Let G ~ X is a proper action and H < G is a closed subgroup. Then
HAX=H—Gn X

is a proper action.

HxX - GxX — XxX
~~ ~—

proper proper
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« Orbits of smooth Lie group actions

» Proper Lie group actions

« invariant Riemannian metric in a proper Lie group action
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