
Integral inequalities

Proposition: Let (X, μ) be a measure space such that μ(X) < ∞. We have

Thus, in particular
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(Holder's inequality) Let 1 < p ≤ ∞ and f, g are measurable functions on (X, M, μ).
Then

∥fg∥1 ≤ ∥f∥p∥g∥p∗

In particular

f ∈ Lp(X, μ), g ∈ Lq(X, μ) ⟹ fg ∈ L1(X, μ)

The equality holds ⟺  |f|p = c|g|q
 for some c ∈ R.

(Minkowski's inequality) If 1 ≤ p ≤ ∞ and f, g ∈ Lp(X, μ) then

∥f + g∥p ≤ ∥f∥p + ∥g∥p

0 < p < q ≤ ∞ ⟹ Lp(X, μ) ≤ Lq(X, μ)

and ∥f∥p ≤ ∥f∥q μ(X)
1
p − 1

q

for μ(X) = 1

L1 ≥ L2 ≥ ⋯ ≥ L∞

‖ ‖1 ≤ ‖ ‖2 ≤ ⋯ ≤ ‖ ‖∞

the inclusions

ι : (Lp(X, μ),‖ ‖p) ↪ (Lq(X, μ),‖ ‖q)

are continuous(?) for 0 < p < q < ∞ and has a dense image.

(Minkowski's integral inequality)
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