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Quasiconformal maps between open subsets of C

Let U , V ⊆ C and K ≥ 1. Then a homeomorphism

f : U → V

is K-quasiconformal if its distributional partial derivatives are in L2
loc(U) and satisfy

∫

∂f

∂–z
≤

K − 1

K + 1

∫

∂f

∂z
 aeon U

The smallest K such that f is K-quasiconformal is called the quasiconformal constant

∥K(f)∥∞ of f.
∣ ∣ ∣ ∣The set of all such maps

QK(U , V ) ⊆ H 1
loc ∩ C(U)

is contained in the set of all quasiconformal maps

Q(U , V ) := ⋃
K≥1

QK(U , V )

We also have the set of all quasiconformal mapping into C Q(U) := ⋃V ⊆C
Q(U , V )

and QK(U) := ⋃V ⊆C
QK(U , V ).

We have the Beltrami coefficient of a quasiconfomal map

and the eccentricity

μ : Q(U) → L∞(U)

f ↦ μ(f)(z) :=

∫

∂f

∂–z

∫

∂f

∂z

−1
⎛⎜⎝ ⎞⎟⎠K : Q(U) → L∞(U)

f ↦ K(f)(z) :=
1 + |μ(f)(z)|

1 − |μ(f)(z)|

(Weyl's lemma)

Q1(U , V ) ⊂ O(U , V )

The map

is surjective and the fiber containing f ∈ Q(U) is precisely left composition of f by

injective holomorphic mappings

μ−1(μ(f)) = {φ ∘ f|φ ∈ Q1(f(U))}

μ : Q(U) → L∞(U)

f ↦ μ(f)(z) :=

∫

∂f

∂–z

∫

∂f

∂z

−1

⎛⎜⎝ ⎞⎟⎠OK(H 2
U, H 2

U) ↪ C(RPP 1,RPP 1)

and

OK(H 2
U, H 2

U) ↪ OK(CPP 1,CPP 1)

f ↦ {
f

f(–z) = f(z)
–
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