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A tangent vector Xp ∈ TpM is a R-linear map from C∞(M)

Xp : C
∞(M) → R

which maps functions to its directional derivative

f ↦ Xpf

which satisfies the property

making it a derivation C∞(M) → R at p ∈ M, hence

TpM ⊆ Derp(C∞(M),R)

Xp(fg) = Xp(f) g(p) + f(p) Xp(g)

Now, given any derivation

δ : C
∞(M) → R

we use Taylor's theorem in Rn to have f ∈ C
∞(M) written like

f(y) = f(p) + (x − p)

​ Hence, the converse is also true.

TpM = Derp(C∞(M),R)
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