
Inverse of differentiable maps

differentiable at a point

for C1 maps

fixed points of the pre-shifters

Proposition: A map f sends x to y ⟺  the pre-shifter of f (at y) has x as a fixed point
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Example

Even if a function is smooth everywhere except a differentiable point, it may not be locally

injective.

Proposition: The differentiable map

is C∞(R ∖ {0}) and has derivative 1 at 0, however it not injective on any onb of 0.

R → R

x ↦ x + x2 sin
1

x
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(Inverse function theorem) Let

f : E (open) ⊆ R
n → R

n

be C1(E) with Daf invertible for some a ∈ E. Then there is a open subset U ⊆ E such

that f is one-one on U , f(U) is open and

f −1 ∈ C
1(f(U))

As

Df : E → MatR(n)

is a continuous map there is an open ball B(a) ⊆ E such that ∀x ∈ B(a) we have

∥Dxf − Daf∥ <
1

2 ∥(Daf)−1∥

Pre-shifter of a map

Let

f : E (open) ⊆ R
n → R

n

be such that Daf is invertible for some a ∈ E. For each y ∈ R
n, the pre-shifter at y is the

map

that is, pre-shifter (at y) of x is the unique vector Pyf(x) such that

Pyf : E → R
n

Pyf(x) := x + (Daf)−1(y − f(x))

= x − a + Z−1
a (y − f(x) + f(a))

Pyf(x) − x y − f(x)

⟺ Pyf(x) − x + a y − f(x) + f(a)

Daf
∣−→

Zaf
∣−→

Intuition

The pre-shifter of f (at y) of x is the approximate point x must be shifted to, so that f

approximately maps x to y.

f(x) = y ⟺ Pyf(x) = x

​
(Daf)(Pyf(x) − x) = y − f(x)
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for maps differentiable everywhere
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Since

so by

x ∈ B(a) ⟹ ∥DxPyf∥ <
1

2

DxPyf = Id − (Daf)−1Dxf

= (Daf)−1(Daf − Dxf)

As

Df : E → MatR(n)

is a continuous map there is an open ball B(a) ⊆ E such that ∀x ∈ B(a) we

have

∥Dxf − Daf∥ <
1

2 ∥(Daf)−1∥

Hence, by

we have

∀x1, x2 ∈ B(a), ∥Pyf(x1) − Pyf(x2)∥ ≤
1

2
∥x1 − x2∥

Let

f : U  (open, convex) ⊆ R
n → R

m

be differentiable

Df : U → EndVecR(Rn,Rm)

such that the operator norm of the derivative on U is bounded by M

∀x ∈ U , ∥Dxf∥n→m ≤ M

Then f is M-Lipshitz on U

∀x, y ∈ U , |f(y) − f(x)| ≤ M |y − x|

Thus, Pyf has at most one fixed point in B(a) so f|B(a) is one-one.

Choose f(x0) = y0 ∈ f(B(a)) such that and a closed ball Bβ(x0) ⊂ B(a).
–

​ Fix y ∈ Rn such that

∥y − y0∥ <
r

2 ∥Daf∥

then

Hence, Pyf(x) ∈ Bβ(x0).

∥Pyf(x0) − x0∥ = (Daf)−1(y − y0) <
r

2

x ∈ Bβ(x0) ⟹ ∥Pyf(x) − x0∥ ≤ ∥Pyf(x) − Pyf(x0)∥ + ∥Pyf(x0) − x0∥

< r
2

≤
1

2
∥x − x0∥ +

r

2
≤ r∥ ∥–

Thus,

Pyf : Bβ(x0) → Bβ(x0)

is a contraction on a complete metric space, so there exists a fixed point x of Pyf

⟹  f(x) = y

––

So each y0 ∈ f(B(a)) has a ball around it inside f(B(a)), so f(B(a)) is open.
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