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Maximum and minimum of holomorphic functions

« Let f: U(open) C C — C be a non-constant holomorphic function, then by

£ (Open mapping theorem for open subsets in C) Let f be non-constant >
holomorphic function on a connected open set U then f(U) is open (and
connected).

o for all z € U there is a u € U such that

[f()] > |7(2)]

that means | f| does not have a maximum at any point of U

« minimum can only be 0 because otherwise the modulus of the holomorphic

1
f(2)

attains a maximum.

o In other words,

v clh,00)
~—

open  open
implies |f(U)| is open in [0, 00).

Therefore,

& (Maximum of holomorphic functions on is never attained on the interior) Let
f € 6(U) be a non-constant holomorphic function on a open set U C C. Then |f| has
no local maximum on U.

For f € 6 NC(U) where U C C is a bounded open subset, || f||, is attained on OU.

via harmonic functions

.

72 Steady-state thermal interpretation of Maximum of holomorphic functions on is never

attained on the interior

As

z - log | £(2)]

is a harmonic function, steady-state temperature, there cannot be any maximum on the

interior of a domain.

\

via Cauchy's integral formula

o Let zg € U is such that

| f(20)] > |f(2)] 2eU
1 f(2)
f(ZO) B % 0B(r,z0) Z— 20 dz
- — 1@< 1)l = 5o | [ fle+retyat
- 27 | J tefo,2]
< ! ‘f(z%—reit)‘dt

2m te[0,27]

« As r — 0 the average converges to |f(z)| by
Let g € CN LY(R™). Then for every z € R™,§ > 0 there exists r(d,z) > 0
such that

‘v’y € Br(&,x)(w)v |g(y) - g(m)l <4

« Forallz € R", e >0, if r < 7(d,z) we have y € B,(z) C B, (54
then

(4rg — g)(2)| =

‘/ =)
B, (z)

1
< B Jo 0

<0

o Therefore,
lim(A, /) (2) = £(z)

for all z € R™.

« or, we have
0< [ (fte)l =[£G+ 7)) <0
te[0,2n]

which implies...?
. By
& (Identity theorem for holomorphic functions on subsets of C) Let
f:Q(open) CC — C

be holomorphic. And L be the set of limit points of f71(0). Then L is both
open and closed in €.
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Therefore if Q is connected, either L =0 <= f=00n or £ !(0) has no
limit point in Q, that is if £71(0) has a limit point in 2 then f=0.

= f(20) onU

on difference of holomorphic functions

For two holomorphic functions f,g on a connected open set U we get f — g on U which can

either be constant or have no maximum modulus on U, ... this probably tells us nothing.

on derivatives

B Let f € O(U). Then some higher derivative (™ attains a maximum <= fis a
polynomial of degree < n.
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 Disk in holomorphic image of disk

« Size of holomorphic image of disks

e Maximum and minimum of holomorphic functions

» Fibers of holomorphic mappings

« Non-constant_holomorphic functions locally look like w* and are

» Biholomorphic mapping_onto disk
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