
Geodesic flow of Fuchsian groups and hyperbolic

surfaces
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Let Γ ≤ PSL(2)(R) be a lattice. Then any g(t) := Rat for some t ≠ 0 is an ergodic

transformation on

(X := Γ\PSL(2)(R), νX)

at := [ ]

u− := [ ]

exp (− t
2 )

exp ( t
2 )

1 s

1

We fix a t ≠ 0 and normalize the Haar measure νX to ensure νX(X) = 1.

​ Let

f : X → R

be a measurable Rat =: R-invariant function.

For any ϵ > 0, by

choose a compact set K ⊆ X with measure νX(K) > 1 − ϵ such that

f|K

is continuous.

(Lusin) Let f be measurable function on E ⊆ Rd with m(E) < ∞. Then for

every ϵ > 0 there exists a closed set Fϵ ⊂ E such that m(E − Fϵ) ≤ ϵ so that

f
Fϵ

is continuous. ∣Proposition: Fix ϵ > 0. Let K ⊆ X be a

compact set of measure νX(K) > 1 − ϵ

B := {x lim
n→∞

1

n

n−1

∑
l=0

χK(Rlx) >
1

2
}

has measure νX(B) ≥ 1 − 2ϵ∣Then because

for x, y and for all l ≥ 1 we have

f(−) = f(Rl(−))

dX(Rl(x),Rl(y)) = dX(xa−l
t ,xu−(−s)alt)

≤ dPSL(2)(R)(I2, altu
−(−s)a−l

t ) 0
l→∞

−→∣By

(Pointwise ergodic theorem for measure preserving transformation) Let

(X, MX,μ) be a probability space, T : X → X be μ-preserving and f ∈ L1(X,μ).

Then

⟨f⟩T = lim
n→∞

A
(n)
T

(f) = lim
n→∞

1

n

n−1

∑
k=0

f ∘ T k
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Proposition:

f(x) = f(xg)

for all g ∈ PSL(2)(R) and for all

x ∈ Xg := …

where Xg as full measure.

Current note has 0 direct children and 0 total descendants.

exists almost everywhere, then

B = {∞ > χ∗
K >

1

2
}

and

∫
X

χ∗
KdνX = νX(K) ≥ 1 − ϵ

converges pointwise almost everywhere on X to a T -invariant function

⟨f⟩T ∈ L1(X,μ)T  and

∫
X

⟨f⟩Tdμ = ∫
X

fdμ

χ∗
K : X → [0, 1]

x ↦ lim
n→∞

1

n

n−1

∑
l=0

χK(Rlx)

​ Thus,

νX(B) ≥ 1 − 2ϵ

So,

1 − ϵ ≤ ∫
B

χ∗
KdνX + ∫

X∖B

χ∗
KdνX ≤ νX(B) +

1

2
νX(X ∖ B)

= νX(B) +
1

2
(1 − νX(B))

=
1

2
νX(B) +

1

2

Thus

νX(B) ≥ 1 − 2ϵ

Let x, y := xu−(s) ∈ B for some s ∈ R.

​ Then because

for x, y and for all l ≥ 1 we have

f(−) = f(Rl(−))

dX(Rl(x),Rl(y)) = dX(xa−l
t ,xu−(−s)alt)

≤ dPSL(2)(R)(I2, altu
−(−s)a−l

t ) 0
l→∞

−→

By

we have a common sequence ln ∞ such that

Rln(x),Rln(y) ∈ K

Proposition: Fix ϵ > 0. Let K ⊆ X be a compact set of measure νX(K) > 1 − ϵ

B := {x lim
n→∞

1

n

n−1

∑
l=0

χK(Rlx) >
1

2
}

has measure νX(B) ≥ 1 − 2ϵ ∣n→∞
−→

Proposition:

x,xu−(s) ∈ B ⟹ f(x) = f(xu−(s))

Assume

f : X → R

is not constant νX-ae.

​ Then there exist disjoint intervals I1, I2 ⊆ R such that

Cj := {h ∈ PSL(2)(R)|f(Γh) ∈ Ij}

for j = 1, 2 which are neither νPSL(2)(R)-measure zero or of full νPSL(2)(R)-measure.

There is a g ∈ G such that

ν(C1 ∩ C2g) > 0

But

Dg := π−1
Γ Xg

has full measure, so there is some

h ∈ C1 ∩ C2g ∩ Dg

But this contradicts f being constant on Xg.

Thus f is constant νX-ae.
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