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Operator norm of linear maps between Rn

Let A ∈ HomVecR(Rn,Rm) we have

∥A∥ := sup{∥Ax∥ ∣ x ∈ R
n,‖x‖ ≤ 1}

Any x ∈ R
n we have x = ∑ ciei,  ∀i |ci| ≤ ‖x‖ ≤ 1 then

∥Ax∥ ≤ ∑ |ci| ∥Aei∥ ≤ ∑ ∥Aei∥

∥Ax∥ ≤ ∥A∥‖x‖

∀x ∈ R
n (∥Ax∥ ≤ λ‖x‖) ⟹ ∥A∥ ≤ λ

∥A + B∥ ≤ sup
‖x‖≤1

∥(A + B)(x)∥ ≤ sup
‖x‖≤1

(∥Ax∥ + ∥Bx∥) ≤ sup
‖x‖≤1

∥Ax∥ + sup
‖x‖≤1

∥Bx∥ ≤ ∥A∥

HomVecR(Rn,Rm)

is a normed R-vector space with the

Operator norm of linear maps between Rn

Let A ∈ HomVecR(Rn,Rm) we have

∥A∥ := sup{∥Ax∥ ∣ x ∈ R
n,‖x‖ ≤ 1}

GLR(Rn)

is an open subset of HomVecR(Rn,Rm) with the operator norm and

()−1 : GLR(Rn) → GLR(Rn)

is a continuous map.

A ∈ GL(Rn), ∥B − A∥ A
−1 < 1 ⟹ B ∈ GL(Rn)∥ ∥​
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