() Info

This note, that was found here, as a part of a collection

is written (completely with human hands) by Rupadarshi Ray,
was created on February 8, 2024 9:12:26 AM,

was last modified on September 7, 2026 1:11:02 PM, and
was exported on September 7, 2026 3:09:55 PM.

Integrability and integral of measurable functions on
R’I’L

p

< Definition. Integrability and integral of measurable functions on R”

Let
f:ECRY>R

be a measurable function

- and a simple function f = > arxzg,
/f = aym(E})
« and for a bounded function on a set of finite measure
on = [ = /f::7111_>n010/90n
« and f > 0 then f is integrable if

/f:: sup /g
0<g<f

exists where the supremum is taken over all bounded functions g supported on a set of
finite measure

« and in general f is Lebesgue integrable if |f| is integrable by the previous criterion

[r=[s-[s

where f(z) := max{f(z),0}, f(x) := max{—f(z),0}

and

\§

p

Summary of integrability of measurable functions

supported on finite meas |support has co measure

bounded any measurable function is  very easy examples like
integrable! X[0,00) ©Nn R is not

integrable, [psinz/z is
also not integrable

unbounded, f >0 f(o 1 % does not exist but

/ 1
01 VT

does

unbounded, possibly
negative in places

.

bounded and supported on finite meas

& (Integral of bounded functions supported on finite measure exists) Let f be a
bounded function on a set E C R? of finite measure. If (,,) is any sequence of simple
functions bounded by M supported on E with

pn — faeon E

then

lim On
n—oo E

exists and

n—00

f=0aeonE — lim | ¢,=0
E

It is also unique, just by the statement!

& (Bounded convergence) Let (f,) be meas, bounded by M, supported on finite meas
set £ and f, — f aeon E

—

f is measurable, bounded, supported on E and

Jotom LS

. f= sup / g
0<g<f

- and [ f =0 then f =0 almost everywhere.
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fn(x) == nX[0,1/n)

[1.-1

then f,(z) — 0 for all z but

for all n.

Take ar(z) = X g, (@) and use

chopping integral into lower dimensions
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differentiation

differentiation of the integral

Hardy-Littlewood maximal functions of Li (R")

Lebesgue averaging_and differentiation

differentiable almost everywhere on |[a, b]

e

< Definition. Variation of functions f: [a,b] — R

The total variation of f: [a,b] — R

N
Vi (f) = sup D [f(t;) = f(tj-)]
paritions ;1
f is of bounded variation if Vi, 3(f) < oo.
et Vigsp < oo consider
B Let Vi (£ d
Vv[;tb](f) = sup Z F(tj) — F(tj_l)
partitions of [a,b] §: F(t;)>F(t; 1)

and

Vioy(f) == sup Y —F(t) + Ft;)

partitions of [a,b] ;. F(t;)<F(t; 1)
f(:L‘) = f(a) + V[;r,z](f) - V[;ﬂ(f)

where both the functions on right are increasing and are of bounded variation.

V=V +V*
8 F:la,b) > R
is of bounded variation
e
F is the difference of two increasing bounded functions.
8 F:la,b) = R
is of bounded variation
—

F is differentiable almost everywhere.

stem.Rf.derivative.cont abs

Absolutely continuous functions on [a,b] <

f[a,_] (L*[a, b))

<« Definition. Absolutely continuous function on |[a, b]

A function F' defined on [a,b] is absolutely continuous if for any € > 0 there exists
d(€) > 0 so that for every collection (ag,bx) C [a,b] of disjoint intervals 1 < k < N we

have

> bk —ar) <8(€) = Y |F(bi) — Flax)| <€
k=1 k=1
The space of all absolutely continuous functions on [a, b|

CMa, b]

may equipped with the supremum |l Il o, or variation V' norms.

on [aa b]

bounded variation

differentiable ae

f[a’_] : L[a,b] — C7[a, b]

. Let f € L'[a,b] and consider

e Then
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oBy

E (Absolute continuity of fdm) Let f € L'(R?). Then for all € > 0 there >
exists d. > 0 such that for every measurable set E such that m(E) < 6.

/E|f|<e

we have Ve > 034(e) > 0 such that for every

I= |_|(ak, bk)
k

such that
m(I) = (bx — ax) < §(e)
k
the integral
[in<e
I
« Here,

F(b) — Fax)| < / f

[ar,br]

— SPGB - Fla)| <Y /[ i
k ag,br.

k
- [1#
<€

D : CAla,b] — Llla,b]

r

& (Fundamental theorem of analysis, in the almost everywhere sense) A

function
F:la,b] > R
is absolutely continuous on [a,b] = F' exists m-almost everywhere and is L'. In
that case,
F(z) = F(a) + / F' on [a, b]
[a,z]

Moreover F' = 0 m-almost everywhere = F is constant m-almost everywhere.
Conversely, for every f € L'[a, b] there exists a function F which is differentiable m
-almost everywhere and

F' = fae

and in fact we may take F' to be the absolutely continuous function
x—co+ f[a’x] f for any ¢y € C.

z,y € [a,b] = |f(z) = f(y)| < K|z — 9|

« if K =0, f is constant
o if K >0,

n

Z | f(bi) — flai)| < KZ bi — ai

1=1

Let f, f' € L'(R)
« Then

lim f’z/ fl="M<
#7200 J0,a] [0,00)

——

f(z)—£(0)

but if M # 0 then

lim f(z) — £(0) = M

which is impossible, so M = 0 and

T—00

flz) —0

Ll

pointwise )
X[n,n+1] eL,—0

/ X[nn+1] = 1
R

but
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And it has 15 siblings.

e stem

« subobjects of and functions on R™, S™, C™_and its quotients F\Rn, F\(Cn

« Lebesgue measurable subsets of and functions on R"™, 7", S™

» Functions with uniformly bounded mean oscillations on cubes

« Decomposition of f € LP_into bounded and unbounded parts

» Calderon-Zygmund decomposition

o Lebesgue density of measurable sets

» Functions with uniformly bounded mean oscillations on dyadic cubes
« Volterra operator [, ; : Li,[0,1) — C[0,1)

o Measurable functions on R"

+ (e,m)-measurable function

o Integrability_and integral of measurable functions on R"

« Hardy-Littlewood maximal functions of L} (R™)

o Lebesgue averaging_and differentiation

« Integrals of a monotonically converging sequence of functions

» Lebesgue integral from measure of undergraph
o P
« E([0,1]) = E(0, 1), E([~m, 7]) = E(S")
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