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Isometric embedding of a subset of R" into R"

Let
f:SCR" - R"
£(0) =0
1f(z) = fW)Il = [l — ¥l
be a map.

Then for y = 0 we have

1f (@)l = 1z

that is, f preserves norm.

Now we can consider

1£(z) — fF@)I° = ||z — y||?
= [If@)|I” = 2(f(2), f®)) + IF@)|1* = 1z —2(z,y) + |y
= (f(z), f(y)) = (z,y)

which means f preserves the inner product.

Using this, we wish to show f is linear

1 £(z + Xy) — (F(z) + M @W)]?
= f(z + M)lI* — 2 (f(z + M), (f(z) + A (¥))) + | f(z) + Af ()|
= f(z+ M))* — 2 (f(z + \y), f(z)) — 2X (f(z + Ny), f(¥))
+ 1 £@)1 = 2X (f(2), f() + N[ F )]
= ||z + )\y||2 —2(z+ Ay, z) — 2X\ (z + Ay, y)
+ nzi? —2X (z,y) + X2y
= gmyw = 2]z + Myl + |z + Ayl

Therefore
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