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Lorentz flows

(M, g, F)

Let (M, g) be a semi-Riemannian manifold and

F ∈ Ω2(M), dF = 0

then by the symplectic structure on T ∗M

ωqF := dθ + qπ∗
T ∗M F

we have the ωqF -Hamiltonian vector field of the smooth function

T ∗M → R

p ↦
∥p∥2

g

2

The equation on M is

∇ẋẋ = q(ιẋF)♯

This means

⟨ẋ, ∇ẋẋ⟩g = qF(ẋ, ẋ) = 0

so the acceleration is "perpendicular" to the velocity.

On U ⊆ R
3 with Euclidean metric, for

qB ∈ Ω2(U)

the equation becomes

ẍ = ẋ × q
⎡⎢⎣B23

B31

B12

⎤⎥⎦​ On T ∗R3 × S 2 for

qB + sΩ

gives equations of a charged particle [1]

On R4 with Minkowski metric, electromagnetic field F , the equation is Lorentz force

equation.
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