
Harmonic functions on Riemannian manifold

harmonic functions on closed manifold are constants

Let (M, g) be a connected orientable closed manifold.

From

and Stokes theorem we have

= ∫
M

(f(Δgh) + 2 ⟨gradg(f), gradg(h)⟩ + h(Δgf))λg

Let h = f/2 and Δf ≡ 0 then
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Let (M, g) be a Riemannian manifold. Then u ∈ C
∞(M) is a harmonic

function if

Δu ≡ 0

Proposition:

Δg(fh) = f(Δgh) + 2 ⟨gradg(f), gradg(h)⟩ + h(Δgf)

∫
M

Δg(fh)λg

0

0 = ∫
M

(f + 2 ⟨gradg(f), gradg(h)⟩ + h )λg

= ∫
M

∥grad(f)∥2
λg

⟹ grad(f) ≡ 0
⟹ f is constant

(Δgh)
0

(Δgf)
0
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