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Totally geodesic submanifolds of semi-Riemannian
manifolds

y

< Definition. Totally geodesic submanifolds of semi-Riemannian manifolds

A Riemannian (immersed/embedded) submanifold
v (M, gy) = (X, 8x)

of a semi-Riemannian manifold (X, gx) is totally geodesic if for every gy-geodesic that is
tangent to M at some ty € R stays in M for all t € (tg — €,t0 + €).

\§

Proposition:
Let

v (M, 'g) = (X, g)
be an embedded Riemannian submanifold. Then the following is equivalent

« M is totally geodesic

-

<«¥ Definition. Totally geodesic submanifolds of semi-Riemannian manifolds

A Riemannian (immersed/embedded) submanifold
L (MagM) — (XagX)

of a semi-Riemannian manifold (X, gx) is totally geodesic if for every gy-geodesic
that is tangent to M at some ¢y € R stays in M for all t € (to — €,t0 + €).

.

« Every *g-geodesic 7 : (a,b) — M is also a g-geodesic to~v: (a,b) - X

+ The second fundamental form of M vanishes identically.
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Proposition 8.12. Suppose (M, g) is an embedded Riemannian submanifold of a
Riemannian or pseudo-Riemannian manifold (M , §), The following are equivalent:

(a) M is totally geodesic in M. i
(b) Every g-geodesic in M is also a g-geodesic in M.
(¢) The second fundamental form of M vanishes identically.
@
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