
Canonical bijection of TpM with equivalence classes of

velocities

canonical bijection

We have

From

we know the operator (− ∘ γ)′(0) ∈ TpM is same for two curves in [γ ′(0)] which is

(− ∘ γ1)′(0) = (− ∘ γ2)′(0) ⟺ (φ ∘ γ1)′(0) = (φ ∘ γ2)′(0)

This the diagram

commutes and each arrow is an isomorphism.
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Set of smooth curves

The set of all smooth curves is the set C∞(I, U) where I ⊆ R, U ⊆ M. We define the

set of all curves with the naturally desired domain,

γ : (−ϵ, ϵ) → U ⊆ M

for some ϵ > 0 as

Curves∞
ϵ (p ∈ U) := {γ ∈ C

∞((−ϵ, ϵ), U) : γ(0) = p}

equivalence classes of velocities

For a open set U on a n-manifold, and a chart (U , φ)

Curves∞(p ∈ U) → R
n

such that

γ ↦ (φ ∘ γ)′(0)

this is a surjective map. Lets denote the map by the ugly (φ ∘ −)′(0). This map shall

partition the domain

Curves∞(p ∈ U)/(φ ∘ −)′(0)

where the equivalence relation is

γ1 ∼ γ2 ⟺ (φ ∘ γ1)′(0) = (φ ∘ γ2)′(0)

The Curves∞(p ∈ U)/(φ ∘ −)′(0) partition does not depend on the chart φ.

The equivalence classes of velocity

Denote the quotient set of the equivalence classes of velocity by

Curves∞(p ∈ U)/(−)′(0)

and the equivalence classes by

[γ ′(0)]

because it does not depend on chart.

For a n-manifold M, map

is an R-linear isomorphism for any local chart φ at p. Hence,

dim(TpM) = dim(M).

TpM → R
n

(− ∘ γ)′(0) ↦ (φ ∘ γ)′(0)

The canonical bijection TpM → Curves∞(p ∈ U)/(−)′(0) is defined as

(− ∘ γ)′(0) ↔ [γ ′(0)]
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