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Partitions of naturals

-

<« Definition. Partitions of naturals

A parition of n € N is a finite sequence

1<n<---<np<n

such that

k
E ne=mn
i=1

The number of paritions of n is denoted by part(n).
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Proposition: Ramanujan identities

- part(bn +4) = 0 mod 5
» part(7n+5) =0 mod 7
- part(1ln 4+ 6) = 0 mod 11

p

{¥ Conjecture: For each 7,m where 0 < r < m 3 infinitely many n such that

part(n) = r mod m

« proved for all primes > 5 [2]

« K Ono gave a criteria for verifying the conjec 3]

\§

generating function

E o0 o0 1
HZ:OP(n)fE = H 1—zn)

n=1

compute partitions

& (Euler's Pentagonal theorem)

lo_o[ (1 . mn) _ io: (_1)kwk(3k—1)/2
n=1

k=—o0

Combine with the generating function get the recurrence relation

=]
p(n) =Y (=) 'p(n — gi)
P

where g := k(?’g_l)

which gives
p(n)=p(n—-1)4+pn—-2)—p(n—-5)—pn—-"7+p(n—12)+p(n—15)+...

Because n < 0 = p(n) = 0, if we start with p(1) and p(2)

def (K):
return (k*(3%k-1) / 2)

def (goal):
partitions = [1]
for n in (1,g0al+1):
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partitions.append(0)
for k in

(1,n+1):
coeff = (-1)**(k+1)

for t in [pentagonal_number(k), pentagonal_number(-k)]:

if (n-t) = 0:
partitions([n]

return partitions

k=0

for i in compute_partitions(200):

k=k+1
print(k,i)

partitions[n] + coeffxpartitions[n-t]
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pC 0)= 1+ n-406
N 2

pC 2)= 2 - -

pC 3)= 3 - D
p( 4)= 5 -

pC 5)= 7 % n-35

pC 6)= 11 -

p(C 7)= 15 -

pC 8)= 22 -

p(C 9)= 30 - _
p(10)= 42 - e
p(11)= 56 -

p(12)= 77 -

p(13)= 101 -

p(l4)= 1350=y n-26
p(15)= 176 -

p(16)= 231 - A=4
p(17)= 297 -

p(18)= 3851 =1 n-22
p(19)= 490 -

p(20)= 627 -

p(21)= 792 - e
p(22)= 1002 - -
p(23)= 1255 -

p(24)= 1575 -

p(25)= 1958 % n-15
p(26)= 2436 - >A_3
p(27)= 3010 - -
p(28)= 3718 % n-12
p(29)= 4565 -

p(30)= 5604 - A=5
p(31)= 6842 - -
p(32)= 8349 -

p(33)=101431=
p(34)=12310 -
p(35)=148831=: n-5
p(36)=17977 -

p(37)=21637 - LEY
p(38)=26015'+ n-2—_,
p(39)=31185"+ n-1§§§;iﬂ_1
p(40)=37338<= n -
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