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Total variation and sequence of continuous functions

8 lim fo(z) = f() = Viop(f) < lminf Vg (fn)

Fix a partition (z)Y_, of [a,b] and let € > 0. Then there is a M such that

M <n = |fo(zr) — flzr)| < €/2
|fa(ze-1 — f(zr-1))| < €/2

f(zx) — f(@r-1) = f(zr) — falz)
+ fu(zr) — fu(®r-1)
+ fo(zp—1) — f(zr-1)
|f(zr) — f(@r-1)| = [f(z) — fulzi)]
+ [ fu(zr) — folzr1)]
+ | fr(zr1) — f(@r-1)|
< €/2+ |fu(zr) — fulzr-1)| +€/2

N
S (i) = fzia)l < Ne+ > [ falzi) — falzi))|
k=1

k=1

=2

N
< 7}1_{202 |fn(zr) — fr(zr-1)]
=1

Because
N
S 1 fal@r) = Fal@ro1)] < Vi (fa), Y > 0
k=1
N
linrgglf; | fa(@x) = fu(zi-)| < liminf Viey(£a)
So we have
N N
> 1 f(xr) = flaea)| < lim Y [ falen) = Folero)]
k=1 k=1
N
=liminf ) | fa(@r) = fa(@r-1)]
k=1
< liminf V4 (fn)
n—oo
Thus

N
Vi (f) := sup > [f(zx) — fzr1)] < lim inf Vig 3)(fn)
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