
Total variation and sequence of continuous functions

Fix a partition (xk)N
k=1 of [a, b] and let ϵ > 0. Then there is a M such that

Because

So we have

Thus

V[a,b](f) := sup
partitions

N

∑
k=1

|f(xk) − f(xk−1)| ≤ lim inf
n→∞

V[a,b](fn)
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lim
n→∞

fn(x) = f(x) ⟹ V[a,b](f) ≤ lim inf
n→∞

V[a,b](fn)

M < n ⟹ |fn(xk) − f(xk)| < ϵ/2

|fn(xk−1 − f(xk−1))| < ϵ/2

f(xk) − f(xk−1) = f(xk) − fn(xk)

+ fn(xk) − fn(xk−1)

+ fn(xk−1) − f(xk−1)

|f(xk) − f(xk−1)| = |f(xk) − fn(xk)|

+ |fn(xk) − fn(xk−1)|

+ |fn(xk−1) − f(xk−1)|

≤ ϵ/2 + |fn(xk) − fn(xk−1)| + ϵ/2
N

∑
k=1

|f(xk) − f(xk−1)| ≤ Nϵ +
N

∑
k=1

|fn(xk) − fn(xk−1)|

≤ lim
n→∞

N

∑
k=1

|fn(xk) − fn(xk−1)|

N

∑
k=1

|fn(xk) − fn(xk−1)| ≤ V[a,b](fn),  ∀n > 0

lim inf
n→∞

N

∑
k=1

|fn(xk) − fn(xk−1)| ≤ lim inf
n→∞

V[a,b](fn)

N

∑
k=1

|f(xk) − f(xk−1)| ≤ lim
n→∞

N

∑
k=1

|fn(xk) − fn(xk−1)|

= lim inf
n→∞

N

∑
k=1

|fn(xk) − fn(xk−1)|

≤ lim inf
n→∞

V[a,b](fn)
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