
Horospherical decomposition of Pd(n, R)

Proposition: Let ξ ∈ ∂Pd(n, R) and X ∈ Sym(n, R), ∥X∥ = 1 such that

exp(tX) ξ

. Then

Pξ := {g ∈ GL(n, R) lim
t→∞

exp(−X)g exp(tX) ∈ GL(n, R)}

Moreover,

OGξO
−1 = ∈ GL(n, R) Aij ∈ Mat(ri, rj, R)

Proposition:

Proposition:

Pξ ↷ Pd(n, R)

is transitive.

Proposition: Let exp(tX) be a geodesic ray in Pd(, R). Then

F(c) ⊆ Pd(n, R)

consists of matrices in Pd(n, R) that commute with exp(X).

Proposition:

Nξ × F(c) → Pd(n, R)

is a bijection.
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Definition

the parabolic subgroup

Pξ := {g ∈ GL(n, R)|tg(ξ) = ξ}

the horospherical subgroup

Nξ := {g ∈ Gξ exp(−tX)g exp(tX) I}∣ t→∞
−→

F(c) := ⋃ {γ(R)|γ : R → Pd(n, R) is a geodesic parallel to ξ}

t→∞
−→∣⎧⎪⎨⎪⎩⎡⎢⎣A11 A12

A22

⋱
Akk

⎤⎥⎦ ∣ ⎫⎪⎬⎪⎭Let

X =

Then

[exp(−tX)g exp(−tX)]ij = exp(−t(λi − λj))[g]ij

⎡⎢⎣λ1

λ2

⋱

λn

⎤⎥⎦​
{d(texp(−tX)g exp(−tX)(I), I) t ∈ R} is bounded

⟹ d(tg(exp(tX)), I)∣...

From Cholesky decomposition - Wikipedia we have g = UU T.

​ ...

Given p ∈ Pd(n, R), g ∈ Gξ such that

p = tg(I) = ggT

Let c be a geodesic line such that c(∞) = ξ. Then define −ξ := c(−∞).

​

X =
⎡⎢⎣μ1Ir1

μkIrk

⎤⎥⎦​ Base case: for k = 1, Nξ is trivial and F(c) = Pd(n, R)

Induction hypothesis: vfvT = p has a unique solution in for p ∈ Pd(n, R) for k − 1

https://rupadarshiray.github.io/notes/mB8PS3cusuCegi6xUsLKSy.pdf
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mailto:rupadarshiray+wiki@gmail.com
af://h1-1
https://en.wikipedia.org/wiki/Cholesky_decomposition


Current note has 0 direct children and 0 total descendants.

And it has 2 siblings.

Inductive step: We have

vfvT = p

⟹ [ ] [ ][ ] = [ ]
v11 v12

Irk

f11

f22

vT
11

vT
12 Ik

p11 p12

p21 p22

​

Proposition: p11 − p12p
−1
22 p21 > 0

[ ] [ ] [ ] = [ ]y1 y2
p11 p12

p21 p22

x1

x2
x1(p11y1 + p21y2) + x2(p12y1 + p22y2)

squishy
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