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Convex compact subsets of weak* dual

B Let X be a R-Banach space and K C X* be a convex, weak*-compact subset of the
dual space. Then K has an extreme point.

for separable Banach spaces

Let {z,} be a countable dense subset of X. Then

ev, : X*¥ =R

. | <4 Definition.
l; :=supev,, (f)
T

« Since K is compact and ev,, is continuous, I; < oo is attained, say at f; € K, that

is

evzl(fl) =1

. | 4 Definition.
ly := sup evy,(f)
feKavel (f):ll

« Again, the set KN ev;ll(ll) is compact, so df; € K such that

evzz(f2) = l2
and evml(fg) = ll

« Inductively, we have a sequence

fl,f2,"‘EK

such that for each n

evwl(.fn) =1
€V, (fn) = l2

and

lny1 = sup ever1(f)
evzl(f):ll

zeK, ...

eve, (f)=ln

« Let f be an accumulation point of {z,}. Then f € K.

« For a fixed 7,
ev%j(fn) = lj

for all large n.

o Therefore
evmj(f) = lj

for all j.
Proposition: f € K is an extreme point

Let

f= %(yl +12)

for some y1,ys € K.

» Then evaluating £; we have

L = evml(f) = €Vyg, <%(y1 + y2)>

= %(evml(yl) + eV:c1(y2))

« Since [y is the supremum of ev,, on K we have

€V, (yl) S ll
eve, (y2) < I

° By
[ Let F be an ordered field and a,b € F. We have
a+b

€ [a, b
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and
b
2 efab)
<~—a=2"b
a+b
== -
a-+b <a, a+b -
2 2 =
we have
eve, (Y1) =l = evg, (y2)
« Similarly,

eva, (y1) = Uk = eva, (y2)
» However, {x} is dense in X. This implies
Y1 =192
« Therefore, f € K is extreme.

(1]
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