
Quasi-linear PDEs on R2

given an initial curve

Let p0 ∈ π1,2(O). Then we can look at all solutions in arbitrary nb of p:

Q(a, b, c)p :=
⨆p∈U⊆π1,2(O) Q(a, b, c)(U)

u ∼ v ⟺ ∃Vp : u|Vp
= v|Vp

Let γ : (0, 1) → π1,2(O) be a curve such that γ(s0) = p. Then we may restrict

and reconstruct
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Definition

Let O ⊆ R
3 be open and a, b, c ∈ C

1(O). For U(open) ⊆ π1,2(O) consider

Q(a, b, c)(U) := {u ∈ C
1(U) }∣∀(x, y) ∈ U  we have (x, y, u(x, y)) ∈ O

a(x, y, u)ux + b(x, y, u)uy = c(x, y, u)

Bug

Show that this assignment U ↦ Q(a, b, c) is a sheaf on π1,2(O)? Donno if that is the case.

For any u ∈ C
1(U), the surface S(u) := {z = u(x, y)} has normal .

⎡⎢⎣ux

uy

−1

⎤⎥⎦​ Then

u ∈ Q(a, b, c)(U)⟺ ⋅ = 0

⟺ (a, b, c)(x,y,z) ∈ T(x,y,z)S(u)

⎡⎢⎣ux

uy

−1

⎤⎥⎦ ⎡⎢⎣a

b

c

⎤⎥⎦Let Γ0 be a C1-curve γ : (0, 1) → U then

be the restriction.

res : Q(a, b, c)(U) → C
1(0, 1)

u ↦ u ∘ γ

Now consider u0 ∈ C
1(0, 1) such that

(γ, u0) : (0, 1) → O

be the initial curve.

​ We solve for (X, Y , Z)(s, t) in

to obtain a C1

which maps

(s, 0) ↦ (γ, u0)(s)

=

(X,Y ,Z)

(X, Y , Z)(s,0) = (γ, u0)(s)

⎡⎢⎣Xt

Yt

Zt

⎤⎥⎦ ⎡⎢⎣a

b

c

⎤⎥⎦(X, Y , Z) : (0, 1) × (−ϵ, ϵ) → O

Let s0 ∈ (0, 1) and consider

whose Jacobian is

[ ]

(X, Y ) : (0, 1) × (−ϵ, ϵ) → π1,2(O)

Xs Xt

Ys Yt

So, if we assume

det [ ] ≠ 0

then there is a onb V  of (X, Y )(s0,0) inverse

(S, T ) : V ⊆ π1,2(O) → (0, 1) × (−ϵ, ϵ)

γ ′(s0) a(γ(s0), u0(s0))

b(γ(s0), u0(s0))

This means

(x, y) ↦ Z(S(x, y), T (x, y))

is in Q(a, b, c)(V ).

This V  depends on (γ, u).

Q(a, b, c)p0 → C
1(0, 1)s0

[u] ↦ [u ∘ γ]

{u0 ∈ C
1(0, 1)s0

det [ ] ≠ 0} → Q(a, b, c)p0

u0 ↦ u(x, y) := Z(S(x, y), T (x, y))∣ γ ′(s0) a(γ(s0), u0(s0))

b(γ(s0), u0(s0))
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