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Flows on a smooth manifold
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< Definition. Flows on a smooth manifold

A flow on a smooth manifold M

is a smooth map

®:D(open) CRx M — M
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<« Definition. Generator of a flow on a smooth manifold is a vector field

The generator of a flow ®' on M is the vector field

d
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% For each t, if ®' is a local diffeomorphism. It is a "smooth" curve in LDiff(M).

" J

~

<«¥ Definition. Flow and exponential of a vector field on a smooth manifold
Flow of a vector field X € Vec(M) is the flow on M, that is, the smooth map
(t,—) — (exptX)(-)

that satisfies

d
—exptX| (p)=X,, exp0=Idy
dt t=0

Then X is the generator of the flow and
expX: M —>M

is the exponential of the vector field X.
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By existence and uniqueness we have a global correspondence

exp(t—)

—\

vector fields on M = flows on M

where do we find complete flows

« vector fields with compact support has complete flows

» vector fields on compact manifolds have complete flows

« Smooth Lie group action on a smooth manifold produces complete flows

set of all flows

We must quotient two flows if they agree on a e-interval near 0 in time:

{2:DCRxU —U|®isaflowon U}

Flow(U) =
w(U) By~ Byif Je, |t <€ —> B! = B}

Flow and Vec sheaves
Flow : Open(M)? — Set

is a pre-sheaf (functor).
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Let's call its sheaffification

Flow*"

» map of sheaves

i : Flow®" — Vec
dt l:—
Flow*"(U) — Vec(U)
d
ol — P!
dt  li—o

» map of sheaves

exp(t—) : Vec — Flow*"
Vec(U) — Flow*"(U)
X — exptX

» isomorphism of sheaves? [1]
« on stalks, this give an isomorphism?

o Constants of the flow on a smooth manifold

all flows away from fixed points are locally parallel straight
lines

[ Let X be a vector field on a smooth manifold M such that X, # 0 at some p € M.
Then there exists a local chart near p such that trajectories of the local flow of X in
this local chart are parallel straight lines.

on hyperbolic fixed points

{¥ Let X is a smooth vector field on M and p is a hyperbolic fixed point of its flow
exp(tX). Then the flow locally near p is topologically equivalent to the flow
exp(td,X) on T, M near 0.
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