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Isometries of CAT(0) spaces

6.7 Proposition. Let X be a complete CAT(0) space, and let y be an isometry of X.
Then, vy is elliptic if and only if y has a bounded orbit. And if y" is elliptic for some
integer n # 0, then vy is elliptic.

6.8 Theorem. Let X be a CAT(0) space.

(1) An isometry y of X is hyperbolic if and only if there exists a geodesic line
¢ : R — X which is translated non-trivially by y, namely y.c(t) = c(t + a), for
some a > 0. The set c(R) is called an axis of y. For any such axis, the number
a is actually equal to |y |.

(2) If X is complete and y™ is hyperbolic for some integer m #+ 0, then y is
hyperbolic.

Let y be a hyperbolic isometry of X.
(3) The axes of y are parallel to each other and their union is Min(y).

(4) Min(y) is isometric to a product Y x R, and the restriction of y to Min(y) is
of the form (y, t) — (y,t+ |y|), wherey € Y,t € R.

(5) Every isometry o that commutes with y leaves Min(y) = Y x R invariant, and
its restriction to Y x R is of the form (', &), where o' is an isometry of Y and
o a translation of R.
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