
Differential forms on complex manifolds

We have the R-algebra of R-valued differential forms on M

Ω∙(M,R)

and its p-th R-de Rham cohomology

H p(Ω∙(M,R))

We also have

Proposition: The C-algebra of C∞(M,C)-differential forms on M

Ω∙(M,C)

has its p-th C-de Rham cohomology

H p(Ω∙(M,C)) ≅H p(Ω∙(M,R)) ⊗ C
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Ωk(M,C) ≅ ⨁
p+q=k

Ωp,q(M,C)

∂, ∂̄

Holomorphic forms, complex and cohomology

Let M be a complex manifold. Holomorphic q-forms on M are the elements of

Ωq

O
(M) := Ωq,0(M,C) ∩ ker ∂̄

which have elements of the form

∑
|I|=q

ϕI(z)dzI

where ϕI are holomorphic functions.

In particular, Ω0
O

= O

We have the Holomorphic de Rham complex

O → Ω1
O

→ Ω2
O

→ ⋯ → Ω
dim(M)
O

and its cohomology

H k(Ω∙
O(M))

d d d

Dolbeault complex and cohomology

Fixing a q, we have

Ωq,0 → Ωp,1 → Ωq,2 → ⋯ → Ωq,k → Ωq,k+1 → …

As as ∂̄ 2 = 0, this is a chain complex called q-th Dolbeault chain complex

(Ωq,∙, ∂̄)

The p-th cohomology of this chain complex is the (p, q)-th Dolbeault cohomology

H p (Ωq,∙(M,C), ∂̄)

∂̄ ∂̄ ∂̄ ∂̄

(Dolbeault) Let M be a complex manifold. Then the q-th sheaf cohomology of sheaf of

holomorphic p-forms is isomorphic to the (p, q)-th Dolbeault cohomology

H q(M, Ω
p

O
) ≅H p (Ωq,∙(M,C), ∂̄)
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