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Critical points of Lagrangian actions

Let

L : R × TM → R

be a time-dependent smooth function on TM for a smooth manifold M. Then a curve

γ : [a, b] → M

is a critical point of the functional

AL[γ] := ∫
I

L(t, γ̇)dt

if for every variation with fixed endpoints

we have

(dAL)(~x) :=
d

ds s=0
AL(~x(s, −)) = 0

~x : (−ϵ, ϵ) × [a, b] → M
~x(0, −) = x

~x(−, a) = x(a)
~x(−, b) = x(b)∣Let L ∈ C

∞(R × TM), then a smooth curve

γ : [a, b] → M

is a critical point of the Lagrangian action for L ⟺  for any induced coordinates

(q, v) on TM from any coordinates (q) on M, the Euler-Lagrange equations hold

(
∂L

∂qk
−

d

dt

∂L

∂vk
)(t, γ̇) = 0

for all k ∈ {1, … , n}.
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