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Riemann-Darboux and Riemann-Stieltjes integrals
Let [a,b] be a compact interval. A partition of [a,b] is a finite set of points

{zx|]1 <k <n} Cla,b]
a=xyg<zTy<---<Tp=0>b
in [a,b]. The differences are
Az;:=x; — 21

for each 1 <1 <mn.

< Definition. Darboux integral

Let
f:la,b] - R

be bounded. Then the upper Darboux sum j[a b f and lower Darboux sum f[ A fof f

inf b—a
(i) o~

S/ f:=sup Z ( inf f

are the following

is a partition

{zo,...,zn} C [a,b]
)as

7 [a,b] 1<k<n \Ei-n2i) for somen > 1
— {zo,...,zn} C [a,b]
< / f :=inf Z sup f |Az; is a partition
[a,b] 1<k<n \[zi-1,@i] for somen > 1

< <sup f) b — a
a8

If the upper and lower Darboux sum are equal, then the Darboux integral of f on [a,b] is

/[a,b] /= / [a,] = Z[a,b] !

\

-

< Definition. Riemann integral

"

integration and differentiation

& Let f be Riemann-Darboux integrable on [a,b] and let F' be differentiable on [a, b] such
that F' = f. Then

f=F(b) - F(a)
[a,0]
for Riemann integral

for Darboux integral

Let € > 0. Then as f is Riemann-Darboux integrable there exists a parition
{zo,...,xn} C [a,b] so that

> ( inf.}f>Aa:i— > ( inf f)Az:i

lgkgn [wi—lyzl lgkgn [zi—lyxi]

<E€

« Then by
& (Lagrange's mean value theorem) Let a continuous function
f:la,b] = R
be differentiable on (a,b). Then there is a point ¢ € (a,b) at which

f(0) = f(a) = (b—a)f'(c)

cfjemmeqeecccccaC=gx-====1¢

there are points ¢; € [z;_1, ;] such that
F(ar:l) — F({Ei_l) = f(tz)AJIz

forl1 <i<n.
o Thus

Z £(t:)Az; = F(b) - F(a)
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6.7 Theorem

(@) If (13) holds for some P and some &, then (13) holds (with the same ¢)

for every refinement of P.

(b) If (13) holds for P ={xy, ..., x,} and if s;, t; are arbitrary points in

[xi—19 xi]9 then
3 1f6s) = £t B <.
(¢) If fe () and the hypotheses of (b) hold, then

3 eyt [ da

<&,

Proof Theorem 6.4 implies (¢). Under the assumptions made in (b),
both f(s;) and f(¢,) lie in [m;, M;], so that | f(s;) — f(¢)| < M;—m;. Thus

3. 1760 = e)] A < UR.S, ) — LIPS, ),

which proves (). The obvious inequalities

L(P,f,0) < 3 f(t) Aa; < U(P, f00)

and
L(P,f,0) < [ fdu< UP,f, )
prove (¢).
we have
F(b) — F(a) — <e€
| (b) - F(a) /M 7
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