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We understand

by definition.
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which has complex norm 1, thus it is a unit complex number, A € U(1).
« If tr2—4 >0, then XA € R.
« Let A € {—1,1} then

tr:)\+§€{—2,2,0}

which contradicts tr? > 4.

- Thus A € R\ {

~1,1,0}.

Therefore, we have the following cases:

type elliptic parabolic hyperbolic
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elements in SL(2)(R)
upto conjugacy

conjugate to rotation
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as it has two distinct
real eigenvalues so it
is conjugate to

[
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0
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det eigenvalues |type Jordan block | exponential |trace of
| exponential
A1, Ae = £4/-
det <0 —z,z € R\ {0 hyperbolic e +e”>0
—x 0 e 0
0 =z 0 €
det =0 0 parabolic i 12
0 0] [0 1][1 O] 1 ¢
0 0/°l0 o/][0 1]"|0 1
det >0 eigenvalues | elliptic _ i 2cos(z) > -2
—iz, iz € iR —iw 0 e” 0
0 1T 0 el

Hence,
tr(exp(sl(2,R))) > —2

So for example

e N

= Example

The matrix

[_2 _;} € SL(2)(R)

2
is not in the image of the exponential s((2,R) — SL(2)(R).

Let there exists A € gl(2,R) with eigenvalues a, 8 such that

'hen
a_ _9 8 _ =
¢ € 2

which implies a, 8 € C \ R but because A is a real 2x2 matrix it's eigenvalues must be

roots of a quadratic polynomial so
a=B = l|e¥ = ‘eﬂ‘

as |exp(z)| = e™(*). But the absolute values do not match 2 # 1. Thus there is no such
A € gl(2,R) either.

. J

generators generating a diffeomorphism

=) >
R x R x S* — SL(2)(R)

1 z] et 0
t,0 R
)= [0 1} {0 e_t}

is a diffeomorphism.

(1’0a0) = I2
(1,0,7‘(‘) = _IZ
If we define
¥ . 1 0 }
0 -1
0 1
Y (=
b o
0 —1
R .=
1 0 }
such that
[X,Y] =2Y
[X,R] = —2R — 4Y
[Y,R] =X

so it is not looking that good, but we have
t
exp(tX) = [e t}
e

01
exp(6R) = R’

exp(tY) = F t]

trace

[1 x] [et 0 } [cos 6 —sin 9] B {met sin (0) + et cos () xe~tcos(0) — e'sin ()
0 1/][0 et]|sinf cosf | et sin (0) e ' cos (0)
whose trace is

ze 'sinf + cos (e’ + e7?)

Current note has 0 direct children and 0 total descendants.

e squishy
. SL(2)(R) ~ R2
. SL(2)(R) ~ H?

- SL
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