() Info

This note, that was found here, as a part of a collection

is written (completely with human hands) by Rupadarshi Ray,
was created on December 20, 2023 9:14:29 PM,

was last modified on May 17, 2026 7:36:53 PM, and

was exported on September 7, 2026 3:31:12 PM.

local basis of a tangent space of a smooth manifold

can we have tangents for arbitary velocities in a chart?

Given a local chart (U, ¢) on a smooth manifold M,

o t = o (p(p) + tv)

is a smooth curve on M which is at p at ¢t = 0.

. (o9 (e(p) +tv)'(0)
is an element of T, M which is the velocity of the previous curve.
- Inserting f € C*°(M) inside it gives

(Foo  (e(p) +1v)'(0) = dv(fo o ') (p)
~——

N -
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by the usual chain rule in R"™.

» Here, we see we have an linear bijection
R" — T,M
v (=097 (p(p) +tv)'(0)
which seems to be the inverse of
& For a n-manifold M, map

T,M — R"
(—=o7)(0) = (¢ 07)'(0)

is an R-linear isomorphism for any local chart ¢ at p. Hence,

dim(T,M) = dim(M).

basis of tangent space for a given chart

-

<« Definition. Local basis of T),M for a given chart near p € M

Let a local chart (U, ) near p € M is made up of
z=(z1,...,2,), ; € C°(U)
« Putting standard basis é; of R"
t @ Yx(p) +té;)

is a smooth curve for all 1 <3 <mn.

« We define an element of T, M by

0
8(132'

(=)p o= (= oa ™' (z(p) +1&:))'(0)

because a%i(f)p = (foz (e(p) +té;))'(0) which equals = a%Z_(fo z 1) (p) by chain
rule in R™.

ox;
= ((zj 07! (p(p) + t&:))'(0))
=0, (zjoz ")
= 3ei($ @) wil)j
\-—I\(g—/
=5

« For any smooth « such that (0) = p we ask the question

(o @ =3 (i -
o Putting
= 0

zj = ij

By
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we get

dim M

(zioy)'(0) = Z( (wz = (7

« Hence,

dim M

(—o)'(0 Z(wz ( )p

Thus, we obtain a local basis of T, M

change of basis
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