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Cut locus in a complete Riemannian manifold

Cut Points

Theorem 10.26 showed that once a geodesic passes its first conjugate point, it ceases
to be minimizing. The converse, however, is not true: a geodesic can cease to be
minimizing without reaching a conjugate point. For example, on the cylinder S x R
with the product metric, there are no conjugate points along any geodesic; but no
geodesic segment that wraps more than halfway around the cylinder is minimizing
(Fig. 10.10).

Therefore it is useful to make the following definitions. Suppose (M, g) is a
complete, connected Riemannian manifold, p is a point of M, and v € T, M . Define
the cut time of (p,v) by

tewt(p,v) = sup {b > 0 : the restriction of y,, to [0,b] is minimizing},
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