
Hamiltonian vector fields on a symplectic manifold

is a Lie algebra homomorphism.

Assuming ω−1(−dH) is complete, let

exp(tω−1(−dH))

be the R1-parameter family of diffeomorphisms generated (flow) by ω−1(−dH)

Therefore, every function on (M,ω) gives a family of symplectomorphisms.

Notice how the proof involved both the non-degeneracy and the closedness of ω.

flows

Flow

exp(tXH)

of a

is a symplectic map for each t.

not all symplectic vector fields are Hamiltonian
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Hamiltonian vector fields on a symplectic manifold

Let (M,ω) be a symplectic manifold and let H ∈ C
∞(M). Then dH is a 1-form. Define

the unique vector field XH ∈ Γ(TM) such that

−ω(XH , −) = dH

as the Hamiltonian vector field with H, also denoted by

ω−1(−dH)

ω−1(−d(−)) : C∞(M) → SympVec(M,ω) ≤LieAlg Vec(M)

f ↦ ω−1(−df)

Each diffeomorphism exp(tω
−1(−dH)), t ∈ R preserves ω, that is

t ∈ R ⟹ exp(tω
−1(−dH))∗

ω = ω

█

▛

Let, ρt := exp(tω−1(−dH)) we have

d

dt
(ρHt )

∗ω = (ρHt )
∗
LXH

ω

= (ρHt )
∗(ωXH

dH

+ dω

0

) = 0
 

Hamiltonian vector fields on a symplectic manifold

Let (M,ω) be a symplectic manifold and let H ∈ C
∞(M). Then dH is a 1-form. Define

the unique vector field XH ∈ Γ(TM) such that

−ω(XH , −) = dH

as the Hamiltonian vector field with H, also denoted by

ω−1(−dH)

Preserves ωn volume form

​ No "dissipation"

No attractors!

Example

the symplectic vector field on R2 ∖ {0} which is not
Hamiltonian

We want the vector field X = X1∂1 +X2∂2 such that

Thus we have

1

r

∂

∂r
=

1

x2 + y2
(x∂1 + y∂2)

dx ∧ dy(X1∂1 +X2∂2, −) = −ydx+xdy
x2+y2

(−)

X1dx ∧ dy(∂1, −) +X2dx ∧ dy(∂2, −) = −ydx+xdy
x2+y2

(−)

X1 = x
x2+y2

−X2 = −
y

x2+y2
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Proposition: For a symplectic manifold (M,ω),

SymVec(M,ω)

HamVec(M,ω)
≅H 1(M,R)

commutator of symplectic vector fields

Proposition: Let (M,ω) be a symplectic manifold and X,Y ∈ Vec(M). Then the

Hamiltonian vector field of ω(X,Y ) is [X,Y ].

category

infinitesimal HamilSymp morphisms

Proposition: Let (M,ω,H) is a Hamiltonian flow.

Current note has 5 direct children and 5 total descendants.

And it has 8 siblings.

ω([X,Y ], −) =? − d(ω(X,Y ))(−)

Category of Hamiltonian flows on symplectic manifolds

HamilSymp

Objects: (M,ω,H) where (M,ω) is a symplectic manifold and H ∈ C
∞(M)

Morphisms: ϕ : M1 → M2 smooth map such that

ϕ∗ω2 = ω1,ϕ
∗H2 = H1

infinitesimal HamilSymp morphisms

A infinitesimal Hamiltonian morphism on (M,ω,H) is a vector field V ∈ Vec(M)

whose flow preserves ω and H, that is

LVω = 0,LVH = 0

so they are precisely those symplectic vector fields V  which satisfy

VH = 0 ⟺ H ∈ kerV ⟺ V ∈ ker dH

The vector space of all such vector fields is

SymVec(M,ω,H) := ker dH ∩ SymVec(M,ω)

(constants produces infinitesimal symmetries) Let f ∈ C
∞(M) is constant along the

Hamiltonian flow of H. Then the Hamiltonian vector field of f is an infinitesimal

Hamiltonian morphism for H

XHf = 0 ⟹ XfH = 0

​ Thus

kerXH → SymVec(M,ω,H)

f ↦ −ω−1df

(infinitesimal symmetries only produce local constants) Let V  is an infinitesimal

Hamiltonian morphism for H then ω(V , −) is closed as V  is symplectic. But ω(V , −) is

exact ⟺  there is a f ∈ kerXH such that V  is the Hamiltonian vector field of f.

​ Thus, every symmetry produces a constant of the Hamiltonian flow given

H 1(M) = 0.

Thus, locally, every symmetry produces a constant of the Hamiltonian flow.

structures based on sets

​ manifolds

​ R-manifold symplectic

​ Hamiltonian vector fields on a symplectic manifold

​ Integrable Hamiltonian flows

Singular integrable flows

Hamiltonian Lie group action on a symplectic manifold

Quantization of Hamiltonian Lie group action on a symplectic

manifold

Probability states and flows of an Hamiltonian system

structures based on sets

​ manifolds

​ R-manifold symplectic

​ Symplectic capacities

Compatible almost complex structure on a symplectic manifold

Generating symplectomorphisms

Symplectic homogeneous manifolds

Quantization of symplectic manifolds

Lagrangian submanifolds of a symplectic manifold

Symplectic Lie group action on a symplectic manifold

af://h2-5
af://h2-6
af://h2-7
https://rupadarshiray.github.io/notes/ZJl02R4pUWRHgcc9kmJWKP.pdf
https://rupadarshiray.github.io/notes/Jls2hdRgpWEILAeSuxRPKJ.pdf
https://rupadarshiray.github.io/notes/hYOwpyVIkAgnEp0OUHjt9R.pdf
https://rupadarshiray.github.io/notes/hYOwpyVIkAgnEp0OUHjt9R.pdf
https://rupadarshiray.github.io/notes/hYOwpyVIkAgnEp0OUHjt9R.pdf
https://rupadarshiray.github.io/notes/hYOwpyVIkAgnEp0OUHjt9R.pdf
https://rupadarshiray.github.io/notes/hYOwpyVIkAgnEp0OUHjt9R.pdf
https://rupadarshiray.github.io/notes/hYOwpyVIkAgnEp0OUHjt9R.pdf
https://rupadarshiray.github.io/notes/hYOwpyVIkAgnEp0OUHjt9R.pdf
https://rupadarshiray.github.io/notes/hYOwpyVIkAgnEp0OUHjt9R.pdf
https://rupadarshiray.github.io/notes/s49G3BInD4pLZLwDD3xkmn.pdf
https://rupadarshiray.github.io/notes/8bQ3ZlSMOD8wj9pe2gpjsT.pdf
https://rupadarshiray.github.io/notes/B2nsY199VFWCcNQqqI20yX.pdf
https://rupadarshiray.github.io/notes/bb3F4PDFKXwqHTfPwcFHH6.pdf
https://rupadarshiray.github.io/notes/tqtxHkcmhSST3RlMxKVHTR.pdf
https://rupadarshiray.github.io/notes/tqtxHkcmhSST3RlMxKVHTR.pdf
https://rupadarshiray.github.io/notes/HQpl3pQzHeBRiyhwe3wbVx.pdf
https://rupadarshiray.github.io/notes/ZJl02R4pUWRHgcc9kmJWKP.pdf
https://rupadarshiray.github.io/notes/Jls2hdRgpWEILAeSuxRPKJ.pdf
https://rupadarshiray.github.io/notes/hYOwpyVIkAgnEp0OUHjt9R.pdf
https://rupadarshiray.github.io/notes/hYOwpyVIkAgnEp0OUHjt9R.pdf
https://rupadarshiray.github.io/notes/hYOwpyVIkAgnEp0OUHjt9R.pdf
https://rupadarshiray.github.io/notes/hYOwpyVIkAgnEp0OUHjt9R.pdf
https://rupadarshiray.github.io/notes/hYOwpyVIkAgnEp0OUHjt9R.pdf
https://rupadarshiray.github.io/notes/hYOwpyVIkAgnEp0OUHjt9R.pdf
https://rupadarshiray.github.io/notes/hYOwpyVIkAgnEp0OUHjt9R.pdf
https://rupadarshiray.github.io/notes/hYOwpyVIkAgnEp0OUHjt9R.pdf
https://rupadarshiray.github.io/notes/P03Vco5C90SuBRkRpUtvBE.pdf
https://rupadarshiray.github.io/notes/QJNTClNnyjAjwzXaWNY3vV.pdf
https://rupadarshiray.github.io/notes/NoXnqTL8NPNUKJDIlyNB6F.pdf
https://rupadarshiray.github.io/notes/rH791llTD6GfeKIMhZoRvc.pdf
https://rupadarshiray.github.io/notes/JFc0kRlUAUxnI7pw8aoppM.pdf
https://rupadarshiray.github.io/notes/cYX4ByyvoCjbKO660OdKxm.pdf
https://rupadarshiray.github.io/notes/tOlxQuoIEUMxZIIIYMuWbI.pdf


Hamiltonian vector fields on a symplectic manifold

https://rupadarshiray.github.io/notes/s49G3BInD4pLZLwDD3xkmn.pdf

	Hamiltonian vector fields on a symplectic manifold
	flows
	not all symplectic vector fields are Hamiltonian
	commutator of symplectic vector fields
	category
	infinitesimal  morphisms


