Invariant Riemannian metrics on homogeneous
manifolds

& Let G ~ X be a transitive and smooth Lie group action. Then X admits a G-
invariant Riemannian metric <= for some (hence all) z € X the image

G, — GL(T,X)

has compact closure <= the image is conjugate to a subgroup of O(T,X).

(® Question

Can the image can have not closed image (but pre-compact)?

invariant inner product on one tangent space

Lemma 3.13. Suppose V is a finite-dimensional real vector space and H is a sub-
group of GL(V). There exists an H -invariant inner product on V' if and only if H
has compact closure in GL(V).

Proof. Assume first that there exists an H -invariant inner product (-,-) on V. This
implies that H is contained in the subgroup O(V) € GL(V') consisting of linear
isomorphisms of V that are orthogonal with respect to this inner product. Choos-
ing an orthonormal basis of V' yields a Lie group isomorphism between O(V') and
O(n) € GL(n,R) (where n = dim V'), so O(V) is compact; and the closure of H is
a closed subset of this compact group, and thus is itself compact.

pushing an invariant inner product everywhere on the
manifold
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Theorem 3.17 (Existence of Invariant Metrics on Homogeneous Spaces). Sup-
pose G is a Lie group and M is a homogeneous G-space. Let po be a point in M,
and let Ip,: Gp, — GL(Tp, M) denote the isotropy representation at po. There
exists a G-invariant Riemannian metric on M if and only if I, (G po) has compact
closure in GL (Tp, M).

Proof. Assume first that g is a G-invariant metric on M . Then the inner product g »,
on Tp,M is invariant under the isotropy representation, so it follows from Lemma
3.13 that 1,,)(G ) has compact closure in GL (T, M).

Conversely, assume that [, (G p,) has compact closure in GL (75, M ). Lemma
3.13 shows that there is an inner product g,, on 7p,(M) that is invariant under
the isotropy representation. For arbitrary p € M, we define an inner product g, on
T, M by choosing an element ¢ € G such that ¢(p) = po and setting

gp = (d¢p)* 8po-

If @1, @5 are any two such elements of G, then ¢; = hg, with h = @195, € G, s0

(d§01|p)*gpo = (d(h%)p)*gpo = (d§02|p)* (dhpo)*gpo = (d§02|p)*gpo’

showing that g is well defined as a rough tensor field on M. An easy computation
shows that g is G-invariant, so it remains only to show that it is smooth.

The map w: G — M given by 7w (¥) = - pg is a smooth surjection because the
action is smooth and transitive. Given ¢ € G, if we let 0,: M — M denote the map
p—¢-pand L,: G — G the left translation by ¢, then the map 7 satisfies

woLy(Y)=(p¥)-po=¢-(-po) =0,0m(V¥), (3.17)

so it is equivariant with respect to these two actions. Thus it is a submersion by the
equivariant rank theorem (Thm. C.14).

Define a rough 2-tensor field T on G by t = 7*g. (It will typically not be positive
definite, because 7. (v, w) = 0 if either v or w is tangent to the isotropy group G,
and thus in the kernel of d ..) For all ¢ € G, (3.17) implies

L;r =L;7r*g= (JrOL(p)*gz (9¢on)*g=n*0;g:n*g= T,

where the next-to-last equality follows from the G-invariance of g. Thus 7 is a
left-invariant tensor field on G. Every basis (X1,..., X,) for the Lie algebra of G
forms a smooth global left-invariant frame for G, and with respect to such a frame
the components 7(X;, X ;) are constant; thus 7 is a smooth tensor field on G.

For each p € M, the fact that & is a surjective smooth submersion implies that
there exist a neighborhood U of p and a smooth local section o0: U — G (Thm.
A.17). Then

gy = (ro0)'g —o*n"g ="

showing that g is smooth on U. Since this holds in a neighborhood of each point, g
is smooth. O



in terms of coset spaces

6.58

The following result adds to the condition for the existence of an
invariant metric on a homogeneous space from 3.44.

Proposition The following conditions are equivalent for a homogeneous
space M = G/H (set p = z(e) € M):
(i) G/H admits a G-invariant Riemannian metric, that is, the structure
of a Riemannian homogeneous space.

(i) M, admits an inner product invariant under the subgroup AH of
GL(M,), where 1 is the linear isotropy representation of H on M,,.

(iii) g/b admits an Adg-invariant inner product.

(iv) The closure of the subgroup AH of GL(M,) is compact.

(v) The closure of the subgroup Ad, of GL(g/b) is compact.

ProoF The equivalence of (i) and (ii) was proved in 3.44.

The adjoint action of H on g is the restriction to H of the usual
adjoint action of G on g; since Ad, X € b for h € H and X € b, this
induces an “adjoint ” action of H on g/f). The representations Ad of .
H on g/h and A of H on M, are equivalent under the isomorphism
/+: GL(g/b) = GL(M,) induced by the projection map 4 from G to
M, for since 4(hg)= 4(hgh™') for heH and gegG,
AR)fey(X +b) = /oy Adi(X +b) = (/4 Ady)ey(X + b) forallh e H
and X + b € g/b. This implies the equivalence of (ii) and (iii), and of
(iv) and (v).

The equivalence of (ii) and (iv) follows by the argument in 6.8.
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