
Discrete subgroup of isometry group of a simply

connected Riemannian manifold of negative curvature

Limit set and exponent of a discrete subgroup of isometry group of a

simply connected Riemannian manifold of negative curvature

Assume the volume entropy of X is finite δX < ∞. Then

δΓ ≤ δX

Let X be a simply connected Riemannian manifold of negative curvature with visual boundary

∂X, compactification X and Γ ≤ Isom(X) be a discrete subgroup. Then for some x ∈ X
–

the limit set of Γ is

Λ(Γ) := Γ {x} ∩ ∂X ⊆ X
––

the exponent of Γ is

δΓ := inf {s ∈ R∑
γ∈Γ

exp(−sdX(x, γx))}

= lim sup
r→∞

1

r
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If Γ is cocompact then δΓ = δX and Λ(Γ) = ∂X.

Let Γ be a non-elementary discrete group of isometries of X. Then there exists a Γ-

conformal density of dimension δΓ with support Λ(Γ).

As Γ is discrete, there exists s > 0 such that for all γ ∈ Γ

Bs(γx) ∩ Bs(x) ≠ ∅ ⟹ γ ∈ Γx

For r > 0 we have

|{γ ∈ Γ|d(x, γx) ≤ r}|μ(Bs(x)) ≤ |Γx|Br+s(x)

Let Γ be a cocompact discrete subgroup of Isom(X).

There exists s > 0 such that

X = ⋃
γ∈Γ

B(γx, s)

Thus for r ≥ 0 we have

Br(x) ⊂ ⋃ Bs(γx)
γ∈Γ

d(x,γx)≤r+s

Let x ∈ X and suppose ∑γ∈Γ exp(−δΓd(x, γx)) = ∞.

Then for

we have

νs :=
1

Φ(s)
∑
γ∈Γ

exp(−sd(x, γx))δγx

a probability measure on X.

Φ : (δΓ, ∞) → X

s ↦∑
γ∈Γ

exp(−sd(x, γx))

–

For a sequence sn δΓ we have a sequence

νsnk ν

weakly

n→∞
−→

k→∞
−→
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